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SECTION  1 
SUMMARY 


1 . 1  Introduction 

Several  spacebome  surveillance  and  weapon  system  concepts  of  interest 
to  the  USAF  and  DARPA  have  large  flexible  support  structures  end  stringent 
line-of-sight  (LOS)  performance  requirements.  Sevare  environmental,  onboard, 
and  maneuver  disturbances  affect  LOS  performance  to  such  e  degree  that  cur¬ 
rent  state-of-the-art  disturbance  accommodation  techniques  ere  not  satis¬ 
factory  for  achieving  the  desired  level  of  performance  necessary  to  satis¬ 
fy  DARPA  mission  goals  and  objectives.  The  application  of  the  current  con¬ 
trol  theory  and  the  state-of-the-art  control  techniques  to  such  precision 
structures,  however,  has  also  been  severely  hampered  by  many  fundamental 
technical  problems  not  encountered  before.  Under  the  Active  Control  of 
Space  Structures  (ACOSS)  program  of  the  Defense  Advanced  Research  Projects 
Agency  (DARPA),  The  Charles  Stark  Draper  Laboratory,  Inc.  has  conducted  a 
careful  theoretical  research  on  a  broad  selection  of  the  major  isaues.  Funda¬ 
mentally  important  analytical  and  numerical  results,  as  well  as  interesting 
new  insights,  have  been  obtained.  Such  results  and  insights  will  not  only 
help  improve  the  control  theory  and  techniques  for  their  applications  to  large 
flexible  precision  space  structures  but  also  help  develop  a  unified  generic, 
structure-dynamics-control  technology  base  for  achieving  DARPA  mission  goals 
and  objectives  for  such  spacebome  systems. 

The  research  was  performed  from  February  1980  through  February  1981 
under  the  ACOSS-6  Study.  This  document  reports  our  new  results  beyond  what 
have  been  documented  earlier  as  an  interim  report  [1]. 


Some  major  issues  arise  from  the  common  practice  of  using  only  a 
reduced-order  modal  model  in  designing  feedback  control  systems  for  a  full- 
order  model  of  a  large  flexible  structure  concerned.  Some  other  major  issues 
are  related  to  active  augmentation  of  damping  and  stiffness,  stabilisation  by 
output  feedback,  vibration  suppression  during  maneuvers,  and  possible  im¬ 
provement  for  controller  design. 

This  report  addresses  the  following  major  issues  in  various  contexts. 

Optimality  of  fixed-form  reduced-order  compensators:  Section  2. 

Full-order  closed-loop  stability  with  reduced-order  controllers: 

Sections  3,  4. 

Robustness  of  full-order  closed-loop  stability  with  reduced-order 

controllers:  Sections  3,  4. 

Effect  of  control  and  observation  spillover:  Sections  3,  4. 

Techniques  for  preventing  control  and  observation  spillover:  Section  5. 

Active  augmentation  of  damping  and  stiffness:  Sections  3,  4,  6. 
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Output  feedback  stabilizability:  Section  7. 

Suppression  of  structural  vibrations:  Sections  3,  4,  6,  7,  8. 

Large-angle  maneuver  combined  with  vibration  suppression:  Section  8. 

Improvement  possibilities  for  controller  design:  Sections  3»  4,  5,  6. 
1.3  Highlights 

Section  2.  -  Let.  the  performance  of  a  large  flexible  space  structure 
under  control  be  measured  by  a  cost  functional.  For  each  n-mode  approximate 
model,  n  ■  1,  2,  . design  a  fixed-form  compensator  that  optimizes  the 
cost  functional  for  the  approximate  model.  This  design  procedure  is  very 
practical  but  raises  an  important  theoretical  question.  As  the  sequence  of 
approximate  models  approach  to  a  truth  model  of  the  structure,  is  the  limiting 
conpenaator  (if  it  exists)  optimal  for  the  truth  model?  Section  2  provides  a 
positive  answer  and  some  sufficient  conditions. 

Section  3.  -  Velocity-sensor  outputs  can  be  fed  back  for  augmentation 
of  damping  to  large  space  structures  and  displacement-sensor  outputs  can  for 
augmentation  of  stiffness.  The  design  of  feedback  controllers  for  such 
distributed-parameter  systems  in  practice  must  be  based  on  only  a  relatively 
small  number  of  modeled  modes,  however;  usually  the  existence  of  spillover 
and  the  interaction  with  unmodeled  modes  are  ignored.  Due  to  the  attendant 
control  spillover  and  observation  spillover,  even  stability  of  the  closed- 
loop  system  with  reduced-order  feedback  controllers  may  not  be  ensured,  let 
alone  the  desired  additional  damping  and  stiffness. 

Various  useful  conditions  for  ensuring  closed-loop  asymptotic  stability 
have  recently  been  established  and  are  reported  in  Section  3.  Such  conditions 
and  the  insights  thereby  derived  are  useful  as  a  guide  to  stability-ensuring 
designs  of  reduced-order  feedback  controllers.  Large  space  systems  considered 
are  not  limited  to  the  class  of  large  space  structures,  which  are  normally 
assumed  to  have  only  stable  modes;  possible  presence  of  rigid  modes  and 
unstable  modes  are  not  excluded.  Closed-loop  stability  conditions  are  also 
extended  to  the  case  of  nonproportional  damping.  For  the  common  class  of 
large  space  structures  having  only  stable  elastic  and  rigid  modes,  specially 
useful  simpler  conditions  for  ensuring  closed-loop  asymptotic  stability  are 
also  derived.  In  addition,  conditions  for  robustness  of  closed-loop  asymp¬ 
totic  stability  to  parameter  variations  and  errors  are  obtained. 

Section  4.  -  Since  its  conception  by  Canavin  in  1978,  the  mcdal-dashpot 
design  of  vibration  controllers  has  undergone  significant  advancement  as  a  re¬ 
sult  of  two  initially  separate  research  efforts  at  CSDL,  The  discouraging 
high-gain  problem  of  Canavin  with  modal-dashpot  design  dan  now  be  alleviated 
by  a  bi-objective  design  optimization  algorithm,  which  exploits  the  existent 
free  parameters.  The  first  part  of  Section  4  reports  the  development  of  such 
a  bi-objective  modal-dashpot  optimizer  (for  adding  the  largest  possible  damp¬ 
ing  to  primary  modes  while  requiring  the  smallest  possible  feedback  gains) 
and  many  interesting  numerical  results  on  closed-loop  stability  and  robustness 
of  modal-dashpot  designs. 


1-2 


The  presence  of  rigid-body  modes  was  considered  a  difficult  tech¬ 
nical  issue  in  stability  analysis  or  modal  analysis,  and  some  unnecessary 
separate  control  was  suggested  to  eliminate  them.  The  second  part  of  Sec¬ 
tion  4  shows  that  an  integrated  design  of  model  dashpots  and  "modal  springs" 
will  easily  and  practically  resolve  the  problem  with  rigid  modes.  The  attrac¬ 
tive  stability  and  robustness  properties  of  modal-dashpot  design  have  been 
expected  intuitively  from  energy  dissipativeness  of  passive  member  dampers 
and  several  numerical  examples.  Two  simple  but  rigorous  theorems  on  the 
full-order  closed-loop  asymptotic  stability  and  robustness  properties  of 
both  modal  dashpots  and  modal  springs  are  now  established  analytically  here. 

Section  5.  -  The  techniques  for  preventing  control  spillover  via 
proper  synthesis  of  the  influences  of  the  existing  actuators  and  via  proper' 
initial  placement  of  the  actuators  are  applied  to  two  representative  numerical 
models  of  large  space  structures  (these  techniques  can  be  dualized  for  the 
prevention  of  observation  spillover).  The  prevention  of  spillover  :o  a  sig¬ 
nificant  number  of  nonprimary  vibration  modes  is  shown  to  be  possible  by 
proper  synthesis  of  the  influences  of  actuators  existing  on  a  structure.  The 
synthesis  procedure  was  programmed  in  FORTRAN,  and  demonstrated  on  Model  1 
(the  tetrahedral  model)  and  Model  2.  For  Model  1,  six  actuators  can  be  proper¬ 
ly  combined  to  form  two  synthetic  actuators  for  independent  control  of  four 
primary  modes  without  any  spillover  to  four  secondary  modes.  For  Model  2, 
synthesis  of  the  IS  member  actuators  can  prevent  spillover  to  between  17  and 
21  secondary  modes,  depending  on  the  particular  group  of  nonprimary  modes 
selected  as  secondary  modes;  at  least  two  independent  synthetic  actuators 
are  available  for  control  of  the  primary  modes. 

The  synthesis  program,  because  of  its  mathematical  generality,  is  easily 
modified  for  studying  the  placement  of  actuators  for  prevention  of  spillover 
to  all  nonprimary  modes.  Spillover  is  found  to  be  inevitable  in  Model  1  for 
each  single  actuator,  be  it  placed  at  one  node  or  between  two  nodes.  For 
total  prevention  of  spillover  in  Model  1,  at  least  nine  elementary  actuators 
are  required,  each  being  placed  to  influence  one  degree  of  freedom  but  simul¬ 
taneously  controlled  by  a  single  input.  This  "superactuator"  scheme  when  ap¬ 
plied  on  Model  2  with  68  elementary  actuators  simultaneously  controlled  by 
as  many  as  four  independent  inputs  (i.e.,  four  independent  superactuators) 
can  inhibit  any  control  spillover  therein. 

Section  6.  -  There  is  usually  inherent  in  the  process  of  feedback  con¬ 
troller  design  substantially  more  freedom  of  choice  than  is  commonly  exploited. 
This  point  is  strongly  emphasized  again  in  Section  6  in  the  context  of  the 
problem  of  augmenting  the  damping  and  stiffness  of  second-order  linear  elastic 
systems  by  active  feedback  control.  It  is  observed  that  considerable  freedom 
of  choice  exists  in  specifying  modal  damping  and  stiffness  matrices  that  lead 
to  a  particular  set  of  closed-loop  eigenvalues.  In  particular,  a  priori  as- 
fumptions  of  symmetry  or  nonnegative  definiteness  for  these  specified  matrices 
are  unnecessary  and  without  even  physical  motivation,  since  they  are  to  be 
realized  with  active  feedback  control.  In  addition,  once  these  specifications 
have  been  made,  equations  for  the  corresponding  feedback  gains  may  have  multi¬ 
ple  solutions.  The  extent  of  the  design  freedom  available  with  this  problem  is 
not  fully  characterized.  However,  an  example  demonstrating  how  it  can  be  used 
to  advantage  is  given.  As  a  practical  matter,  one  may  expect  that  such  in¬ 
creased  freedom  of  choice  may  facilitate  the  selection  of  a  stabilizing 
controller.  .  „ 


Section  7.  -  The  focus  in  Section  7  is  on  the  general  existence  of 
an  output  feedback  gain  matrix  that  stabilizes  the  closed-loop  system.  This 
question  has  been  discussed  at  some  length  in  the  literature,  but  no  simple 
algebraic  characterization  has  been  found.  The  technical  approach  taken  is 
based  upon  a  comparison  of  the  performance  of  output  feedback  with  that  of 
optimal  state  feedback.  This  difference  is  expressed  in  terms  of  the  output 
of  an  open-lcop-stable  system  operating  under  unity  feedback.  Sufficient  con¬ 
ditions  for  asymptotic  stability  of  the  output  of  the  latter  system  are  estab¬ 
lished  first.  This  result  then  leads  directly  to  sufficient  stability  con¬ 
ditions  for  the  original  plant  operating  under  output  feedback  constraints. 
Such  conditions  are  similar  to  (but  less  restrictive  than)  those  assumed  in 
the  Kalman-Yakubovich-Popov  lemma  for  an  algebraic  characterization  of  posi¬ 
tive  real  matrices. 
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SECTION  2 


OPTIMAL  FIXED-FORM  COMPENSATORS 
FOR  LARGE  SPACE  STRUCTURES 


2.1  Introduction 


The  basic  problem  considered  here  is  that  of  designing  physically 
simple  controllers  for  highly  flexible  mechanical  structures.  This  is  an 
outgrowth  of  the  stochastic  output  feedback  compensator  design  problem 
c<  usidered  in  the  interim  report  and  is  aimed  at  developing  a  systematic 
approach  to  the  design  of  control  systems  subject  to  specific  physically- 
motivated  structure  constraints.  In  addition,  this  design  procedure 
provides  quantitative  information  about  the  performance  of  the  resulting 
control  system  performance  as  a  by-product.  Specifically,  it  is  assumed 
that  the  dynamics  of  the  flexible  structure  can  be  described  by  a  system 
of  time- invariant,  linear  partial  differential  equations.  As  a  practical 
matter,  however,  these  dynamics  may  be  only  approximately  known  in  the 
form  of  a  finite  element  model.  It  is  important,  therefore,  that  the 
design  procedure  developed  here  not  rely  on  explicit  knowledge  of  the 
distributed  parameter  "truth"  model,  but  only  on  the  approximate  "design" 
model.  In  addition,  the  structure  of  the  control  system  should  fulfill 
certain  practical  requirements  to  insure  that  it  is  not  prohibitively 
complex  to  implement.  In  particular,  these  implementation  considerations 
will  generally  dictate  the  following  structural  constraints: 

(2-1)  a  finite  number  of  scalar  observations  serve  as  Inputs  to 
the  control  system. 

(2-2)  a  finite  number  of  scalar  control  signals  are  generated  by 
the  control  system. 

(2-3)  the  dynamics  of  the  control  system  can  be  described  by  a 
finite  dimensional  linear  state  space  model. 

These  conditions  insure  that  the  control  system  can  be  constructed  from 
a  finite  quantity  of  standard  electronic  and  electromechanical  -control 
hardware. 

This  design  problem  is  formulated  more  precisely  in  the  following 
sections.  Specifically,  Subsection  2.2  defines  the  distributed  parameter 
models  considered  here  for  the  dynamics  of  the  undamped  plant.  To 
facilitate  the  discussion  of  the  effects  of  inherent  damping  and  external 
control  on  these  dynamic  models.  Subsection  2.3  recasts  the  problem  in 
terms  of  strongly  continuous  semigroups.  Subsection  2.4  adds  inherent 
damping  to  the  problem  and  examines  the  extent  to  which  the  qualitative 
nature  of  the  semigroup  describing  the  plant  dynamics  is  altered  by 
various  damping  mechanisms.  Proceeding  along  similar  lines.  Subsections 
2.5  and  2.6  then  examine  the  nature  of  the  control  problems  arising  from 
various  restrictions  on  the  types  of  sensors  and  actuators  available  for 
control.  In  particular,  Subsection  2.5  demonstrates  that,  in  general, 
optimal  controllers  for  the  distributed  parameter  plants  considered  here 
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are  themselve3  distributed  parameter  systems  and  therefore  do  not  meet 
the  implementation  constraints  (2-1)  to  (2-3).  Subsection  2.6  then 
defines  a  class  of  control  laws  that  do  meet  these  constraints  and 
examines  the  consequences  of  requiring  controllers  to  be  of  this  class. 
In  particular,  the  importance  of  including  sufficient  Inherent  damping 
in  the  dynamic  model  of  the  system  is  shown  to  arise  from  these  restric- 
t ions . 


The  results  presented  in  Subsections  2.2  through  2.6  are  not  new 
but  are  included  here  because  they  constitute  a  necessary  background  for 
the  optimal  fixed  form  compensator  problem  formulated  in  Subsection  2.7. 
This  problem  is  a  generalization  of  that  considered  in  [1],  considering 
a  sequence  of  finite  dimensional  "design  models"  that  converge  to  the 
distributed  parameter  "truth  model"  in  the  limit  of  infinite  dimension. 
Optimal  fixed  form  compensators  meeting  constraints  (2-1)  to  (2-3)  are 
then  developed  for  each  design  model  and  the  limit  of  this  sequence  is 
taken  in  an  effort  to  arrive  at  a  compensator  design  that  is  both  optimal 
and  implement able.  Subsection  2.8  present*,  optimality  results  for  this 
design  approach  and  these  constitute  the  principal  contribution  of  this 
work.  Specifically,  sufficient  conditions  are  developed  for  the  optimality 
of  this  limiting  compensator  when  it  exists.  Finally,  Subsection  2.9 
summarizes  the  principal  advantages  and  disadvantages  of  this  design 
procedure,  identifies  some  important  open  questions  raised  by  it  and 
suggests  several  promising  avenues  for  future  investigation. 

2.2  Undamped  Flexible  Structure  Models 

The  flexible  structures  considered  here  will  be  linear,  time- 
invariant  distributed  parameter  systems  whose  open  loop  dynamics  are 
described,  in  the  absence  of  inherent  damping,  by  the  generalized  wave 
equation  considered  in  [2],  This  model  is  very  similar  to  those  con¬ 
sidered  by  other  authors  in  their  treatments  of  various  aspects  of  the 
flexible  structure  control  problem  [3,  4,  5,  6,  7]  and  includes  many 
popular  specific  flexible  structure  models  as  special  cases.  In  par¬ 
ticular,  the  dynamics  of  the  systems  considered  here  are  described  by 
the  equation 


9^x(z,t)/9t^  +  Apx(z,t)  =  f(z,t) 


(2-4) 


where  x(z,t)  and  f(z,t)  are  elements  of  a  Hilbert  space  H  of  functions 

defined  on  the  bounded  open  spatial  domain  Q  t  Rn  and  parameterized  by 
the  time  variable  t  e  [0,®  )  .  Here,  Aq  is  a  time-invariant,  symmetric 

lin  ar  partial  differential  operator  with  domain  Dq  dense  in  H.  It  is 

further  assumed  that  A  is  a  oositive  definite  operator  [9]:  there 

o 

exists  a  positive  constant  aQ  such  that  for  all  x  e  H, 
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<AoX*X>  i 


.2 


A  >  indicates  the  inner  product  on  H  and  1 1 .  |  |  represents  the  norm 

induced* by^hat^nner  product.  Anally,  it  is  also  assayed  that  Aq  is  an 

operator  with  compact  resolvent  [8,9].  That  is,  the  resolvent  operator 
R(X,A  )  *  (Aq  -  XI)"1  is  required  to  be  a  compact  operator  [8,9,10]  for 

some  X. 

The  notion  of  a  compact  operator  and  its  properties  will  be 

.  .  j-fail  in  Subsection  2.6  in  connection  with  compact  linear  fe.d 
discussed  in  detail  in  bisection  D..rftMent  to  note 

that  the^principal  V*S-*> 

partial  differential  operator  has  this  property,  .e.  .  P 

t-Vio  fnrm  fill 
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m  rj 

-  z  d- 


j,k-l 
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where  «  is  a  positive  integer.  Here,  the  functions  «Jk<«>  Mtlsf*  the 

t  -11  -  O 


conditions  that  for  some  c  >  0, 


all  E  e  C  and  almost  all  z  e 


m  —  |  .2 

L  a  (s)  Uk>  C-|C| 

j.k-1  J 


(2-7) 


where  the  overb.r  indictee  complex  conjugation.  Wile  this  def  nit 
assumes  the  problem  is  set  in  R1,  it  is  not  difficult  to  extend  his  class 

of  operators  to  R»  [10).  The  ^^"^TuaJio^to  be  Z- 

—  -  “ll*  “ 

not  have  a  compact  'InftaUe  Ixtenfmight  seem 

approximating  a  very  larg  *  icaly  undg,  this  would  change 
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significantly  the  essential  character  of  the  problem  and  will  not  be 
considered  here.  It  is  also  significant  to  note  that  for  the  second 
order  case,  m  -  1,  restrictions  (2-6)  and  (2-7)  reduce  to  the  definition 
of  a  Sturm-Liouville  operator.  This  class  of  operators  pervades  classical 
physics  and  is  discussed  extensively  in  [12]. 

In  terms  of  specific  distributed  parameter  models,  Eq.  ( 2— A)  can  be 
used  to  describe  the  motion  of  a  variety  of  simple  systems.  For  example, 
setting 


A 

o 


-cV/3x 


2 
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and  specifying  appropriate  boundary  conditions,  Eq.  (2-4)  describes  the 
vibration  of  a  uniform  one-dimensional  string,  clamped  at  both  ends. 
Similarly,  setting 
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Eq.  (2-4)  can  describe  the  transverse  vibration  of  a  one-dimensional  beam 
of  nonuniform  mass  density  u  (z)  and  flexural  rigidity  a(z)  subject  to  a 
constant  longitudinal  tensile  force  f(z)  [13].  In  two  space  dimensions, 
the  vibrations  of  a  thin  rectangular  plate  may  be  described  by  setting  [13] 


A 

o 
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while  the  vibrations  of  a  thin  circular  plate  may  be  described  by  setting 
1141 


A 


o 


(2-11) 


where  r  and  represent  the  radial  and  angular  components  of  the  vector 
2 

jz  t;  R  expressed  in  cylindrical  polar  coordinates.  Finally,  it  is  also 
possible  to  consider  more  complex  structural  models  like  the  Timoshenko 
beam  [13]  or  more  complex  assemblies  of  simple  structures  like  those  just 
described  within  the  framework  of  the  model  just  described.  One  of  the 
most  common  methods  of  combining  such  component  structures  into  a  dynamic 


model,  however,  Is  to  assume  frictional  coupling  at  the  boundaries  [5] 
which  requires  the  introduction  of  a  damping  term  into  Eq.  (2-4),  a 
problem  that  will  be  considered  in  detail  in  subsection  2.4. 

The  assumption  that  Aq  is  a  positive  definite  operator  Insures 
the  oscillatory  nature  of  the  model  (2-4) ,  generalizing  the  scalar  equation 


x(t)  +  ax(t)  -  f(t) 


(2-12) 


describing  the  simple  harmonic  oscillator  of  frequency  a1*,  provided 
a  >  0.  This  restriction  on  the  flexible  structure  model  does,  however, 
exclude  rigid  body  motions  from  the  dynamics  since  these  would  correspond 
to  zero  eigenvalues  of  the  operator  Aq.  As  noted  in  [3],  however,  this 

is  not  a  serious  restriction  since  such  dynamic  modes  may  be  considered 
independently  of  the  rest  of  the  plant  which  may  then  be  described  by 
model  (2-4). 

2.3  Semigroup  Formulation 

Returning  to  the  scalar  system  (2-12) ,  note  that  it  may  be  cast 
in  conventional  state  space  form  as 


V  ■  Av  +  _f 


(2-13) 


by  defining  v,  f_  and  A  appropriately.  There  are,  of  course,  an  infinite 
number  of  possible  ways  of  doing  this,  but  two  particularly  popular 
choices  are 


(2-14) 


and 
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a*5x(t) 
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rt 

,  A  - 
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,i  - 
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(2-15) 


Similar  expressions  may  be  developed  for  the  abstract  model  (2-4).  In 
particular,  in  analogy  with  (2-14),  we  can  define 
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V  “ 


(2-16) 


x(Z,t) 
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V  “ 

3x(z,t) 

A  - 
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0 
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reducing  Eq.  (2-4)  to  the  form  of  Eq.  (2-13).  Also,  since  A  is  a 

o 

positive  definite  operator,  it  i3  possible  to  define  a  unique  square 

root  A*^2  [9,  Theorem  3.351]  such  that  (A*^)2  ■  A  .  This  allows  a 
o  o  o’ 

description  analogous  to  Eq.  (2-15)  by  defining 


A^xfz.t) 

r  hi 

0  A* 
o 

r  -» 
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9x(z,t)_ 

A  » 
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f (z,t) 
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» 
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The  first  order  model  (2-13)  obtained  by  defining  v,  f^  and  A  as 
in  either  Eq.  (2-16)  or  Eq.  (2-17)  is  extremely  useful  in  that  it  casts 
the  dynamic  model  (2-4)  in  a  form  similar  to  that  employed  in  finite 
dimensional  linear  systems  theory.  Many  of  the  control  results  available 
for  finite  dimensional  linear  systems  may  be  generalized  to  infinite 
dimensional  problems  set  in  this  form  by  reformulating  the  problem  in 
terms  of  semigroups. 


In  what  follows,  U,  X  and  Y  will  denote  Banach  spaces,  L(X,Y)  is 
the  space  of  bounded  linear  operators  from  X  into  Y  and  L(X)  denotes 
L(X,X).  A  strongly  continuous  semigroup  is  defined  [15]  as  a  map  T(t) 
from  R+  into  L(X)  satisfying 


(2-18) 

(2-19) 

(2-20) 


Strongly  continuous  semigroups  represent  a  generalization  of  the  tran¬ 
sition  matrix  arising  from  the  state-space  description  of  finite 
dimensional  linear  systems.  That  is,  it  is  possible  to  describe  the 
dynamics  of  many  infinite  dimensional  systems  by 


T(t  +  s)  -  T(t)T(s)  0  <  s  <  t 
T(0)  «  I 

|  |  T ( t )  x  -  x  |  |  -►  0  as  t  +  0+  for  all  x  e  X 
1  '  o  u  '  o 
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T 


x(t) 


(2-21) 


-  T(t)xQ  +  St  T(t  -  s)f  (s)ds 
o 


where  x(t)  represents  the  state  of  the  system  at  the  time  t,  evolving 
from  x(0)  ■  x  under  the  influence  of  the  driving  function  f(t). 

It  is  also  possible  to  develop  a  differential  description  of  the 
system  dynamics  represented  by  Eq.  (2-21)  by  introducing  the  concept  of 
the  infinitesimal  generator  of  the  semigroup  T(t) .  This  is  defined  [15] 
as 


Ax 


lim  -  (T(t)  -  I)x 
t 


t  ■*“  o 


(2-22) 


whenever  this  limit  exists.  The  domain  D(A)  of  this  operator  is  the  set 
of  x  e  X  such  that  this  limit  exists.  The  state  of  the  system  described 
by  Eq.  (2-21)  can  then  be  cast  in  the  form 


x(t)  *  Ax(t)  +  f(t),  x(0)  ■  x  (2-23.) 

o 


provided  f(t)  meets  certain  continuity  or  integrability  conditions  [15, 
Theorem  2.21  or  Lemma  2.22]. 

In  addition  to  this  constraint  on  f(t),  the  dynamic  operator  A 
must,  of  course,  generate  a  strongly  continuous  semigroup  T(t)  in  order 
for  the  semigroup  representation  of  the  system  and  the  control  results 
that  follow  from  it  to  be  valid.  Necessary  and  sufficient  conditions 
for  an  operator  to  generate  a  strongly  continuous  semigroup  are  given 
by  the  Hille-Yosida  Theorem  [15].  These  are  very  mild  conditions  to 
impose  on  physical  systems,  requiring  only  that  the  state  of  the  system 
be  sufficient  to  describe  its  future  evolution  and  that  this  evolution  be 
continuous  in  time  and  depend  continuously  on  the  initial  state. 
Consequently,  it  is  not  surprising  that  systems  described  by  Eq.  (2-4) 
generate  strongly  continuous  semigroups.  In  fact,  it  can  be  shown  that 
such  systems  generate  unitary  groups  [11,  p.  466],  a  much  stronger  result. 

If  stricter  constraints  are  placed  on  the  operator  A  in  Eq.  (2-23), 
a  particularly  well-behaved  class  of  infinite  dimensional  systems  results. 
Specifically,  if  A  is  the  infinitesimal  generator  of  a  strongly  con¬ 
tinuous  semigroup  T(t)  that  satisfies  the  additional  conditions  [15] 
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(2-24)  T(t)  can  be  analytically  continued  into  the  sector 
S(ui)  ■  {t  0:  ]arg  t|  <  w} 
for  some  w  e  (0,  tt/,.) 

(2-25)  for  each  t  £  S(ui)  and  all  x  e  X, 

~  T(t)x  -  AT(t)  and  AT(t)  e  L(X) 

(2-26)  for  any  0  <  £  <  w  there  is  some  K  >  0  such  that 
| ] T( t) | j  <K,  | | AT(t) j |  <K/|t| 
for  all  t  £  S(ui-£) 


then  T(t)  is  called  a  holomorphic  (analytic)  semigroup.  Sufficient 
conditions  for  A  to  generate  such  a  semigroup  are 

(2-27)  A  is  a  closed,  densely-defined  linear  operator  on  a 
Danach  space  X 

(2-28)  the  resolvent  set  for  A  is  contained  in  the-  sector 
S(u/2  f  w)  for  some  u>  e  (0,tt/I:) 

(2-29)  there  exists  M  >  0,  independent  of  X  such  that 
|  |r(a,A)  j  I  <  M/]Xj  for  X  e  S(tt/2  +  u>)  • 

Note  that  condition  (2-27)  is  automatically  satisfied  by  any  operator 
A  generating  a  s  :rongly  continuous  semigroup  [15,  Theorem  2.9], 

The  most  common  class  of  systems  generating  holomorphic.  semigroups 
are  finite  dimensional  linear  systems  whose  associated  semigroups  are 
the  transition  matrices  $(t,t').  In  fact,  systems  generating  holomorphic 
semigroups  ma>  be  regarded  as  natural  generalizations  of  the  finite 
dimensional  case.  For  example,  condition  (2-29)  implies  [3]  that  the 
frequency  response  of  such  systems  is  low-pass  in  nature,  decaying  at 
least  as  fast  as  1/s.  On  this  basis,  it  is  suggested  in  [3]  that  such 
systems  may  be  effectively  approximated  by  finite  dimensional  models,  a 
result  that  is  definitely  not  true  for  distributed  parameter  systems  in 
general.  In  particular,  this  is  not  true  for  the  undamped  flexible 
structures  described  by  Eq.  (2-4), 


2-8 


The  class  of  operators  satisfying  conditions  (2-27)  through 
^2-29)  is  fairly  broad,  however.  For  example,  if  A  is  a  bounded  operator, 
it  generates  the  holotnorphic  semigroup  defined  by  [9] 


T(t)  »  exp(At) 


(2-30) 


The  finite  dimensional  result  follows  directly  from  this  since  linear 
operators  between  Hilbert  spaces  of  finite  dimension  are  bounded.  Not 
all  operators  generating  holomorphic  semigroups  are  bounded,  however,  as 
illustrated  by  the  fact  that  systems  described  by  parabolic  differential 
equations  usually  generate  holomorphic  semigroups  [15).  Finally,  it  is 
important  to  note  that  the  undamped  flexible  structure  model  of  Eq.  (2-4) 
does  not  generate  a  holomorphic  semigroup.  The  inclusion  of  damping  in 
the  model  can  change  its  dynamic  behavior  radically,  however,  and  it  is 
possible  to  have  strong  enough  damping  mechanisms  to  give  rise  to  systems 
that  do  generate  holomorphic  semigroups. 

2.4  Damped  Flexible  Structures 

Eq.  (2-4)  is  an  unrealistic  model  for  the  dynamics  of  a  real 
flexible  structure  because  it  describes  a  conservative  system.  Physically, 
this  corresponds  to  a  structure  that,  once  excited,  vibrates  forever 
without  loss  of  energy.  Consequently,  realistic  dynamic  models  must 
include  a  damping  term  to  describe  the  loss  mechanisms  inherent  in  all 
physical  systems.  Since  it  is  the  small  magnitude  of  these  losses  that 
motivates  the  control  problem  considered  here,  however,  it  is  tempting 
to  neglect  them  altogether  and  deal  with  undamped  models.  Unfortunately, 
as  the  following  paragraphs  illustrate,  it  is  not  the  magnitude  of  these 
losses  that  determines  the  nature  of  the  control  problem,  but  rather 
the  qualitative  nature  of  the  loss  mechanisms. 

To  include  these  losses  in  the  flexible  structure  model  (2-4), 
an  additional  term  will  be  added,  i.e. 


9^x(z,t)/9t^  +  A^9x(z,t)/9t  +  AQx(z,t)  *  f(z,t)  (2-31) 

where  A^  is  an  operator  with  domain  dense  in  H.  It  will  further  be 
assumed  that  the  operator  A^  is  self-adjoint  and  non-negative  so  that 

<AjV,v>  >_  0  for  all  v  t  (2-32) 


To  see  the  significance  of  this,  define  the  internal  energy  of  the  system 
as  [5] 
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(2-33) 


E(t)  -  <  1  |x(t)  1 12  +  ||Ao»ix(t)||2} 


and  note  that,  in  the  absence  of  external  forces, 


dE(t)/dt  -  <x(t)  +  AQx(t),i(t)> 


"  <_AjX(t) ,x(t)> 


(2-34) 


as  easily  shown  by  direct  differentiation.  Consequently,  the  non¬ 
negativity  requirement  on  implies  that  the  internal  energy  of  the 

system  decays  monotonically  to  zero.  More  descriptively,  it  may  be  noted 
that  these  conditions  imply  that  -A^  is  a  dissipative  operator  [9]. 


As  in  the  undamped  case,  this  dynamic  model  may  be  cast  in  the 
form  of  Eq.  (2-13)  by  defining  either 


x(z,t) 

0  1 

0 

v  ■ 

3x(z,t) 

3t 

A  = 

9 

-A  -A, 
o  1 

I  * 

% 

f (z,t) 

A**x(z,t) 

0 

A*1 

0 

o 

A  r- 

0 

l  - 

3x(z,t) 

L  at  - 

» 

-A*5 

o 

"A1 

f (z,t) 

(2-36) 


The  question  of  whether  the  semigroup  formalism  may  be  applied  to  the 
damped  system  depends  on  the  choice  of  A^,  as  does  the  nature  of  the 

semigroup  generated  when  the  approach  is  applicable.  To  see  this,  let 
U  denote  either  of  the  infinitesimal  generators  of  the  semigroup  de¬ 
scribing  the  undamped  system  defined  in  Eqs.  (2-15)  and  (2-16)  and  define 
T  as  the  perturbation  of  U  due  to  the  inclusion  of  damping  in  the  system, 
i.e. 
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T  -  A  -  U 


0 


0 


(2-37) 


0 


If  A^  is  a  bounded  operator,  then  T  is  also  u  bounded  operator  and  it  is 

a  standard  result  [9,  IS]  that  U  +  T  generates  a  strongly  continuous 
semigroup  if  U  does.  If  A^  is  an  unbounded  operator,  however,  the 

perturbed  operator  U  +  T  may  fail  to  generate  a  strongly  continuous 
semigroup.  Consequently,  unbounded  damping  operators  must  be  considered 
carefully. 

Probably  the  most  common  unbounded  damping  operators  are  [3,  6,  16]. 

\  -  2^  (2-38) 

and 

Ax  -  YAq  (2-39) 


which  are  used  to  describe  hysteretic  or  structural  damping  in  flexible 
structures.  Both  of  these  models  are  examined  in  [3]  where  it  is  shown 
that  they  do  result  in  systems  described  by  strongly  continuous  semi¬ 
groups.  The  model  defined  by  Eq.  (2-38)  is  especially  interesting  since 
it  is  a  generalization  of  the  damped  harmonic  oscillator 


x(t)  +  2£u)  x(t)  +  a)  2x(t)  *  f(t) 

o  o 


(2-40) 


from  R1  to  the  infinite  dimensional  Hilbert  space  H  and  may  be  viewed  as 
an  infinite  collection  of  such  oscillators.  This  model  is  investigated 
in  detail  in  [3]  where  it  is  shown  that  it  generates  a  hoiomorphic  semi¬ 
group.  In  fact,  the  principal  focus  of  that  work  is  an  investigation  of 

1/2 

the  notion  that  all  operators  within  a  neighborhood  of  2£Aq  (relative 

to  the  uniform  operator  norm  on  H)  generate  hoiomorphic  semigroups. 

While  this  is  not  established,  several  sufficient  conditions  for  the 
damped  system  to  generate  a  hoiomorphic  semigroup  are  presented.  For 
example,  operators  of  the  form 

A.  -  2£A  1/2  +  CA  1/2  (2-41) 

loo 
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are  covsrdered  where  C  is  a  bounded  operator.  Further,  it  is  required 

l/2 

that  th  1  perator  be  relatively  bounded  with  respect  to  A  [9],  i*e» 

1/2  0 

that  the  domain  of  A^  contain  the  domain  D^2  an<*  tb®*® 

exi^t  non-negative  constants  a  and  b  such  that 

I lAjvl I  <  a| | v | |  +  bj |Aq1/2v| ! ,  v  e  Dl/2  (2-A2) 


Under  hese  conditions,  it  is  shown  that  there  exists  a  positive  constant 
m(0  such  that  if  ||c||  <  m(0 »  the  damped  system  described  by  Eq.  (7-31) 
generates  a  holomorphic  semigroup. 

The  requirement  that  the  damped  system  generate  a  holomorphic 
semigroup  is  too  restrictive  to  include  all  cases  of  interest.  For 
example,  a  structure  with  viscous  damping  is  described  by  the  damping 
operator 


A 


1 


-  6 


(2-43) 


for  some  positive  constant  6.  This  is  a  very  common  damping  model  but 
it  is  not  sufficient  to  yield  a  holomorphic  semigroup.  A  weaker  assumption 
that  is  satisfied  by  the  viscous  damping  mechanism  is  that  it  be 
sufficient  to  endow  the  system  with  a  uniform  exponential  decay  rate  [5]. 
That  is,  there  should  exist  positive  numbers  Kq  and  such  that 


E(t)  <  K  e^l1  E(o) 
—  o 


(2-44) 


Note  that  since  E(t)  is  the  norm  of  the  state  vector  v(t)  defined  by 
Eq.  (2-17),  this  is  a  statement  that  the  system  is  exponentially  stable 
[15]  and  is  therefore  a  reasonable  property  to  expect  from  physical 
systems  of  the  type  considered  here. 

A  sufficient  condition  for  the  damping  represented  by  A^  to 

generate  a  uniform  exponential  decay  rate  is  that  A^  be  invertible. 

Such  systems  are  referred  to  as  strongly  damped  [5,17).  It  should  be 
noted  that  weakly  damped  systems  can  also  exhibit  uniform  exponential 
decay  rates  [51.  Finally,  it  should  also  be  noted  that  the  requirement 
that  the  damped  system  exhibit  a  uniform  decay  rate  is  weaker  than  the 
requirement  that  it  generate  a  holomorphic  semigroup  since  the  unbounded 
damping  operators  considered  above  lead  to  strongly  damped  systems. 
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2.5 


Optimal  Control  of  Flexible  Structures 


For  control  applications,  it  is  necessary  to  include  explicit  sensor 
and  actuator  descriptions  in  the  model  describing  the  plant's  dynamic 
behavior.  As  was  the  case  with  the  inclusion  of  damping  in  the  model,  the 
assumptions  made  regarding  these  sensors  and  actuators  will  have  a  con¬ 
siderable  impact  on  the  resulting  plant  model.  In  particular,  the  sensors 
and  actuators  will,  along  with  the  specific  control  law  assumed,  determine 
the  nature  of  the  feedback  operator  that  describes  the  perturbation  of 
the  open  loop  plant  by  the  control  system  when  the  loop  is  closed. 

Control  inputs  may  enter  the  dynamic  model  of  Eq.  (2-31)  in  either 
of  two  ways.  The  most  obvious  approach  is  to  control  the  system  through 
the  forcing  term  f(z,t),  i.e. 


f(z,t)  =  Bu(z,t) 


(2-45) 


where  B  is  an  operator  mapping  the  space  U  of  admissable  controls  into 
the  Hilbert  space  H.  This  actuator  model  is  general  enough  to  include  a 
very  wide  range  of  physical  devices,  including  such  unconventional  control 
elements  as  the  scanning  actuators  considered  in  [18].  Generally,  however, 
the  model  is  restricted  to  include  actuators  of  the  form 


f(z,t)  =  Bu(t) 


(2-46) 


where  B  e  L(U,H)  and  U  =  Rm.  Physically,  this  model  corresponds  to  a 

collection  of  m  distributed  actuators  B.  attached  to  the  structure  over 

l 

fixed  spatial  regions,  i.e. 


b^(z)  z  E  £2^ 
0  z  t  Q, 


(2-47) 


where  S^L  is  a  compact  subset  of  Q,  the  closure  of  the  domain  on  which  the 

structure  is  defined.  It  is  important  to  note  that  this  model  does  not 
include  the  case  of  point  actuators  for  which  each  consists  of  an 

isolated  point  z^.  To  include  this  case,  b^(z)  must  be  taken  as  a  Dirac 

delta  distribution  [19]  which  does  not  yield  a  bounded  operator  B  [15]. 
Similarly,  boundary  control  -  the  second  control  approach  mentioned 
above  -  does  not  correspond  to  a  bounded  actuator  model  [15],  Here, 
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control  forces  are  applied  at  the  boundary  3ft  of  the  structure  and  the 
effect  in  one  dimensional  systems  is  similar  to  that  of  a  point  actuator. 
In  two  or  three  dimensions,  the  situation  becomes  more  complex. 

Sensors  are  included  in  the  system  model  in  essentially  the  same 
way.  Here,  observations  y(z,t)  are  defined  by 


y(z,t)  *  Cv(t) 


(2-48) 


where  C  is  an  operator  mapping  the  Hilbert  space  V  on  which  the  model  of 
Eq.  (2-13)  is  defined  into  the  space  y  of  observations.  As  before,  this 
is  a  very  general  model,  encompassing  a  wide  variety  of  measurements, 
including  both  the  case  of  complete  state  information  for  which  C  ■  I, 
the  identity  mapping  from  V  into  y,  and  the  more  common  case  where 

Y  =  and  C  £  L(V,y).  Similarly,  point  observations  and  boundary 
observations  may  be  included  in  the  model,  again  resulting  in  unbounded 
mappings  from  V  into  y. 

Given  the  dynamic  model  (2-13)  with  actuator  and  sensor  models  of 
the  form  (2-45)  and  (2-48),  respectively,  the  control  problem  is  then  to 
design  a  compensator  mapping  K  between  the  space  of  observations  y  and 
the  space  U  of  controls,  i.e. 


u(z,t)  * 


This  results  in  a  closed  loop  system  v 
autonomous  differential  equation 


Ky  ( z , t )  (2-49) 

se  dynamics  are  described  by  the 


v(t)  =  [A  +  BKC]v(t),  v(0)  =  v 


(2-50) 


provided  the  perturbed  operator  A  +  BKC  generates  a  strongly  continuous 
semigroup.  If  B  £  L(U,V),  K  £  L(y,U)  and  C  £  L(V,y)  then  F  *  BKC  E  L(V,V) 
and,  as  in  the  case  of  bounded  damping,  A  +  F  generates  a  strongly  con¬ 
tinuous  semigroup.  Similarly,  as  in  the  case  of  unbounded  damping 
operators,  if  B,  K  or  C  are  unbounded,  then  F  may  be  unbounded  and  A  +  F 
may  not  generate  a  strongly  continuous  semigroup. 

Consequently,  there  is  some  advantage  in  restricting  consideration 
to  bounded  sensor,  actuator  and  compensator  models.  This  does,  however, 
place  some  fairly  significant  constraints  on  the  ability  of  the  resulting 
feedback  mapping  F  to  alter  the  system's  behavior.  For  example,  if  F  is 
bounded  and  the  open  loop  system  operator  A  does  not  generate  a  holomorphic 
semigroup,  then  the  closed  loop  operator  A  +  F  cannot  generate  a  holomorphic 


semigroup.  This  follows  from  the  fact  that  holomorphic  semigroups  are 
stable  under  relatively  bounded  perturbations  [9].  Hence,  if  A  +  F 
generates  a  holomorphic  semigroup  and  F  is  bounded,  -F  is  relatively 
bounded  with  respect  to  A  +  F,  implying  A  generates  a  holomorphic  semi¬ 
group  as  well.  On  the  other  hand,  it  is  not  clear  that  physically 
motivated  unbounded  feedback  operators  are  free  of  these  constraints. 

For  example,  it  is  shown  in  [20]  that  boundary  observations  and  controls 
will  move  the  spectrum  of  the  undamped  wave  equation  uniformly  into  the 
left  half  plane.  This  is  not  enough,  however,  for  the  closed  loop  system 
to  generate  a  holomorphic  semigroup  since  the  resolvent  set  of  A  +  F  does 
not  lie  in  a  sector  of  the  complex  plane  as  required  by  condition  (2-28) . 

Note  that  these  results  are  quite  different  from  the  finite 
dimensional  case  for  which  the  spectrum  of  the  closed  loop  system  could 
be  modified  arbitrarily  if  enough  states  were  available  for  measurement 
[21].  The  finite  dimensional  linear  regulator  makes  use  of  this  fact, 
modifying  the  system’s  dynamics  to  minimize  a  specified  cost  functional 
of  the  state  and  control  trajectories.  While  this  degree  of  control  is 
not  achievable  in  the  infinite  dimensional  case,  infinite  dimensional 
versions  of  the  linear  regulator  problem  can  be  formulated  and  yield 
results  that  are  similar  in  form  to  the  better  known  finite  dimensional 
results.  For  example.  Curtain  and  Pritchard  [15]  consider  both  stochastic 
and  deterministic  formulations  of  the  linear  regulator  with  either  finite 
or  infinite  time  horizons.  In  the  deterministic,  finite  time  horizon 
case,  the  problem  is  to  minimize  a  cost  functional  of  the  form 


J(u,  tQ,  zq)  =  <z(t1),  Gz(t1)>+  /  f  <z(s),  Mz(s)>  +  <u(s) ,  Ru(s)>^  ds 

Co  V*  J 

(2-51) 

for  the  system  described  by 

z(t)  -T(t  -  tQ)zo  +  f  T(t  -  s)  Bu(s)ds  (2-52) 

Co 

Here,  M,  G  and  R  are  bounded  operators  as  is  the  actuator  influence 
operator  B.  In  addition,  R  is  assumed  to  satisfy 

<Ru,u>  _>  ot  |  | u  |  |  2  (2-53) 


for  some  a  >  0  and  all  u  c  U  and  that  the  complete  state  z(t)  is  observed. 
As  in  the  finite  dimensional  case,  the  result  is  given  by  the  control  law 
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u(t)  -  -R~  o*Q(t)z(t) 


(2- 


where  B*  is  the  adjoint  of  the  operator  B,  and  the  optimal  cost  is  given 
by  <zo,Q(t)zQ>.  Here,  Q(t)  is  the  solution  of  the  operator  Riccati 

equation 


^<Q(t)h,k>  +  <Q(t)h,Ak>  +  <Ah,Q(t)k>  +  <Mh,k>  *  <Q(t)BR-1B*Q(t)k,k> 

(2- 


with  Q(tj)  »  G  and  h,k  e  D(A) ,  the  domain  of  the  infinitesimal  generator 

A  of  the  semigroup  T(t) .  Again  as  in  the  finite  dimensional  case,  this 
reduces  to  a  steady  state  Riccati  equation  as  ^  goes  to  infinity.  These 

results  can  be  extended  to  the  case  of  boundary  controls  [15],  although  at 
the  expense  of  additional  constraints  on  the  semigroup  T(t).  Similarly, 
in  the  stochastic  case  [15],  the  optimal  compensator  is  shown  to  separate 
into  an  infinite  dimensional  state  estimator  followed  by  the  deterministic 
gain  just  described. 

Finally,  it  is  useful  to  conclude  this  chapter  with  a  concrete 
example  that  illustrates  the  major  issues  just  outlined.  In  [15],  optimal 
control  of  the  wave  equation  is  considered,  i.e. 

a2x(t,z)/9t2  -  32x(z,t)/9z2  =  u(z,t)  (2- 


subject  to  the  boundary  conditions 


x(0,t)  =  x(l,t)  =  0 

x(z,0)  =  xq(2),  x(z,0)  =  x1(z) 


(2- 


with  the  cost  functional 
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M  * 


(2-63) 


0 

0 


0 


1 


This  particular  problem  can  be  solved  analytically  [15,  p.  98]  to  yield 
the  optimal  control  law 


w(t)  =  -x(z,t)  (2-64) 


Physically,  this  result  says  the  best  control  law  is  achieved  in  this  case 
by  adding  viscous  damping  to  the  system,  providing  it  with  a  uniform 
exponential  decay  rate. 

2.6  Compact  Feedback  Compensators 

If  X  and  Y  are  Hilbert  spaces,  a  particularly  interesting  subspace 
of  L(X, Y)  is  the  space  C(X,Y)  of  compact  linear  operators.  A  bounded 
linear  operator  T:X  +  Y  is  compact  [23]  if  it  maps  bounded  sets  in  X  into 
subsets  of  compact  sets  in  Y.  These  operators  are  in  some  sense  natural 
generalizations  of  matrices  into  infinite  dimensional  Hilbert  spaces 
since  if  T  e  L(X,Y)  and  either  X  or  Y  is  a  finite  dimensional  space,  T 
is  compact.  Consequently,  all  mxn  matrices  are  compact  operators  in 

L(Rn,Rm).  Further,  it  is  true  [8,  9,  23]  that  the  adjoint  of  a  compact 
operator  is  compact,  as  are  products  of  compact  operators  with  bounded 
operators.  Finally,  it  is  useful  to  note  that  C(X,Y)  is  a  closed  sub¬ 
space  of  L(X,Y)  [8,  9,  23]  so  that  if  {T^ }  is  a  sequence  of  compact 

operators  and  |  | T  —  T |  |  -*  0  as  n  -+  00 ,  the  limit  T  is  also  a  compact 

operator. 

These  operators  are  of  interest  here  because  the  feedback  mapping 
F  arising  from  most  realistic  control  schemes  is  compact.  In  particular, 
consider  the  open  loop  system  described  by 


u(z,t)  = 


0  0 


0  -1 


x(t)  =  Ax(t)  +  Bji(t) 
_y(t)  =  Cx(t) 


(2-65) 


with  x(t)  e  H  representing  the  state  of  the  system,  u(t)  E  Rm  represent- 

p 

ing  the  m  scalar  inputs  available  for  control  and  £(t)  £  R  representing 
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the  p  scalar  observations  available  from  the  sensors.  Here,  as  long  as 
the  operators  B  and  C  are  bounded  (l.e.,  pointvlse  and  boundary  controls 
are  excluded) ,  It  is  clear  that  B  and  C  are  compact  operators  for  any 
finite  m  and  p.  Consequently,  if  constant  output  feedback  control  is 
applied  to  the  system,  l.e. 


u(t)  =  M^Ct)  (2-66) 

for  some  M  e  Rmx^  it  is  also  clear  that  the  feedback  operator  F  ■  BMC  is 
compact. 

Similarly,  it  is  easy  to  show  that  dynamic  compensators  of  the  form 


u(t)  -  Gc(t)  +  M^(t) 
J.(t)  =  Fz^(t)  +  Ljr(t) 


(2-67) 


where  jz(t)  e  for  some  finite  q,  can  be  described  by  compact  feedback 
operators.  This  is  done  by  augmenting  the  state  vector  to 


v(t) 


x(t) 

z(t) 


(2-68) 


defined  on  the  Hilbert  space  V  -  H  +  Rq  with  the  inner  product 


Cv^t),  v2(t)>v  "  <xx(t),  x2(t)>  +£1’(t)£2(t) 


(2-69) 


The  augmented  system  may  then  be  described  by  the  model 


=  [A  +  BKC]v(t) 


v(t) 


(2-70) 


t 

l 

\ 


(2-71) 


Note  that_if  A  generates  the  strongly  continuous  semigroup  T(t),  the 
operator  A  generates  the  strongly  continuous  semigroup 


\ 


f 


* 

b 


f 

f 

! 


T(t) 


T(t) 

0 


0 

I 
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Further,  if  T(t)  Is  a  holomorphic  semigroup,  it  is  easy  to  see  that 
T(t)  is  Iso  a  holomorphic  semigroup.  This  augmented  model  is  not 
exponertially  stable,  however,  since  ^(t)  *  z.(0)  for  all  t  >_0,  _ 

althouk  .  this  problem  can  be  remedied  if  desired  by  replacing  A  and  K 
with 


A 


(2-73) 


where  F  is  any  arbitrary  positive  definite  qxq  matrix.  This  augmented 
o 

system  is  described  by  the  strongly  continuous  semigroup 


T(t)  = 


T(t)  0 


-F  t 
o 


(2-74) 
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which  is  asymptotically  stable  if  T(t)  is.  The  dynamics  of  the  closed 
loop  system  are  described  by 


v(t)  -  [A  *•  F]v(t) 


(or  v(t)  -  [X  f  ?]v(t)) 


(2-75) 


where  F  «  BKC  (or  f  *  B^C)  is  the  augmented  feedback  operator.  This 

operator  is  clearly  compact  since  B,  C  and  K  (or  R)  are  all  compact  as 
before. 


Since  all  compact  operators  are  bounded,  it  is  clear  that  the 
control  limitations  outlined  in  Subsection  2.5  for  bounded  feedback  operators 
apply  to  the  compact  case  as  well.  Unfortunately,  there  are  more  severe 
control  limitations  on  compact  feedback  operators  than  on  arbitrary 
bounded  operators,  as  noted  in  [22],  Specifically,  it  is  shown  in  [22] 
that  if  the  semigroup  T(t)  with  infinitesimal  generator  A  describes  a 
conservative  system  (i.e.,  E(t)  *  E(0)  for  all  t  >  0  in  Eq.  (2-33)), 
then  the  system  described  by  the  semigroup  S(t)  with  infinitesimal 
generator  A  +  F  cannot  exhibit  a  uniform  exponential  decay  rate  if  F 
is  a  compact  operator.  Further,  even  if  the  system  is  strongly  stable 
(i.e.,  if  E(t)  +  0  as  t  +  ®  for  all  initial  states  v  )  but  does  not 


possess  a  uniform  exponential  decay  rate,  compact  feedback  cannot  provide 
it  with  one.  These  results  arise  from  the  fact  that  compact  perturbations 
of  an  operator  with  compact  resolvent  preserve  the  asymptotic  behavior 
of  the  spectrum  [24],  Thus,  if  the  poles  of  the  open  loop  system  lie 
on,  or  asymptotically  approach,  the  real  axis  of  the  complex  plane, 
compact  feedback  will  not  alter  this  fact.  Russel  illustrates  a  specific 
example  of  this  limitation  in  [20]  where  he  shows  that  the  closed  loop 
poles  X  of  a  controlled  wave  equation  must  each  lie  in  neighborhoods  of 

radios  r^  of  their  open  loop  counterparts  where  (r ^ }  is  an  sequence. 

Consequently,  whi-’e  it  is  possible  to  construct  compensators  to  place 
any  finite  subset  of  the  closed  loop  eigenvalues  at  will,  any  features  of 
the  system  that  depend  on  the  asymptotic  behavior  of  its  spectrum  will 
remain  unchanged  by  compact  feedback. 


Finally,  note  that  while  the  compactness  of  B,  C  and  K  resulting 
from  restrictions  (2-1)  to  (2-3)  insures  the  compactness  of  the  feedback 
map  F,  the  converse  is  not  true.  For  example,  the  optimal  linear 
regulator  problem  considered  by  Gibson  [5,  22]  results  in  compact  feed¬ 
back  operator  that  is  no  easier  to  implement  than  those  considered  in 
Subsection  2.5.  Specifically,  C  =  I  in  this  problem,  which  is  bounded  but 
not  compact,  while  B  is  a  compact  operator.  Consequently,  the  optimal 

state  feedback  map  F  *  -Bd  ^B*Q  is  compact  and  cannot  impart  a  uniform 


exponential  decay  rate  to  the  undamped  plant,  as  noted  In  [5,  22].  In 
contrast,  in  the  optimal  linear  regulator  problem  considered  in  (15],  the 
operators  B  and  R  are  both  bounded  but  not  compact.  Thus,  this  com¬ 
pensator  can  and  does  impart  a  uniform  exponential  decay  rate  to  the 
undamped  plant. 

2.7  Optima]  Compact  Feedback  Compensators 

Since  compact  feedback  cannot  improve  the  performance  of  flexible 
structures  arbitrarily,  the  question  of  how  much  improvement  i£  possible 
naturally  arises.  In  particular,  given  a  flexible  structure  model,  a 
specific  set  of  compensator  constraints  and  a  performance  index,  the 
basic  question  is  how  much  the  performance  index  can  be  improved  rela¬ 
tive  to  its  open  loop  value. 

The  most  common  approach  to  this  problem  has  been  to  develop  a 
finite  dimensional  plant  model  P^  for  the  structure  that  approximates 

the  true  dynamics  described  by  the  distributed  parameter  model  P.  This 
reduces  the  problem  to  the  finite  dimensional  one  of  designing  the  best 
compensator  K^*  subject  to  the  constraints,  allowing  the  use  of  standard 

control  approaches.  This  fact  represents  the  greatest  advantage  of  this 
approach  and  explains  its  great  popularity.  The  most  difficult  aspect 
of  this  design  procedure  is  that  of  determining  a  reasonable  approximating 
model  P^.  In  particular,  to  achieve  reasonable  fidelity  in  approximating 

P,  it  is  desirable  to  make  P^  complex  enough  to  capture  all  of  the  im¬ 
portant  details  of  the  structure's  dynamics,  while  for  control  purposes 
it  is  desirable  to  keep  P^  as  simple  as  possible  to  reduce  the  difficulty 

• 

of  designing  K^*.  In  practice,  the  usual  approach  is  to  start  with  a 

finite  element  model  P^  that  is  large  enough  (several  hundred  states  or 

more)  to  approximate  P  reasonably  well  and  then  employ  any  one  of  several 
model  reduction  approaches  [25,  26,  27]  to  obtain  a  simpler  model  P  * 

to  be  used  as  a  basis  for  designing  Kn*. 

A  second,  less  popular  approach  is  that  employed  in  [13].  Here, 
the  distributed  parameter  control  problem  defined  by  the  plant  model  P 
is  first  solved  to  obtain  the  optimal  full-state  feedback  control  law  F* 
as  described  in  the  last  chapter.  Then  ,  this  control  law  is  approximated 
subject  to  the  implementation  constraints  (2-11)  to  (2-3)  to  obtain  a 
finite  dimensional  compensator  K.  This  approach  is  less  popular  than 
the  first  one  described  because  it  requires  the  distributed  parameter 
plant  model  to  be  known,  which  is  not  always  the  case.  Also,  distri¬ 
buted  parameter  control  problems  are  generally  harder  to  solve  than 
finite  dimensional  ones. 

Both  of  these  approaches  suffer  from  the  ad-hoc  nature  of  the 
approximations  involved.  In  particular,  it  is  not  clear  that  either  of 
these  design  approaches  will  yield  the  best  compensator  K*  subject  to 
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Che  implementation  constraints  imposed  on  the  problem.  Further,  even 
though  it  may  be  true  that  a  "good"  approximation  will  result  in  a 
compensator  whose  performance  is  close  to  the  optimal  performance, 
these  design  methods  do  not  yield  any  quantitative  information  on  this 
difference.  In  fact,  as  noted  in  [28],  a  poor  choice  of  approximate 
plant  model  P^  (or  P  1  if  the  model  reduction  approach  is  employed)  can 

result  in  closed  loop  instability  when  the  compensator  KnA  is  applied  to 

the  distributed  parameter  plant  P.  An  approach  that  avoids  these 
difficulties  is  that  described  in  [5],  Here,  the  dynamics  of  the  struc¬ 
ture  are  described  by  a  sequence  {P^}  of  approximate  models  that  con¬ 
verge  to  the  distributed  parameter  plant  P  as  n  -*•  °°.  Then,  the  optimal 
full-state  feedback  controller  is  determined  for  each  plant  model 

P  .  Under  the  conditions  described  in  [5],  the  sequence  of  compensators 

{F  *}  converges  to  the  optimal  full-state  feedback  compensator  F*  as 

n  -*■  00 .  While  this  limit  does  not  meet  the  implementation  constraints 
(2-1)  to  (2-3),  this  approach  does  provide  a  systematic  way  of  approx¬ 
imating  it  since  the  performance  of  the  distributed  parameter  plant 
with  the  control  law  F^*  approaches  that  of  the  optimal  control  law  F* 

for  sufficiently  large  N  and  insures  the  stability  of  the  closed  loop 
system.  Also,  as  a  practical  matter,  this  means  that  if  a  sufficiently 
accurate  finite  element  model  of  the  structure  is  available,  the  dis¬ 
tributed  parameter  dynamical  model  P  need  not  be  known. 

Unfortunately,  this  last  approach  does  have  two  distinct  dis¬ 
advantages.  First,  even  though  the  control  law  F  *  satisfies  conditions 

N 

(2-1)  to  (2-3)  for  any  finite  N,  it  becomes  progressively  harder  to 
implement  as  N  increases.  Thus,  if  the  sequence  {p^}  converges  slowly, 

the  compensator  resulting  from  this  design  procedure  may  be  very  complex. 
On  the  other  hand,  simpler  compensators  may  exist  that  will  yield 
acceptable  performance.  The  second  principal  disadvantage  of  this 
approach  is  that  it  cannot  be  used  to  design  compensators  meeting  struc¬ 
tural  constraints  like  decentralized  information  patterns. 

Consequently,  the  compensator  design  approach  considered  hare  is 
a  modification  of  that  considered  in  [5],  Specifically,  the  distributed 
parameter  plant  P  is  approximated  here  by  a  sequence  of  finite  dimensional 
plants  {P^}  as  just  described.  However,  rather  than  designing  full- 

state  controllers  for  each  model  P  ,  the  optimal  fixed  form  compensator 

K^*  is  designed  for  each  P^.  That  is,  the  desired  compensator  structure 

is  fixed  initially  and  the  free  parameters  that  define  specific  com¬ 
pensators  of  this  form  are  optimized  tor  each  model  in  the  sequence 
{P^}.  Finally,  the  limit  of  the  sequence  of  compensators  {K^*}  will  be 

taken  as  n  -*■  00 . 
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More  specifically,  in  the  problem  considered  here,  the  dynamics  of 
the  distributed  parameter  plant  P  will  be  assumed  to  satisfy  Eq.  (2-31). 

The  observations  and  control  Inputs  will  be  assumed  to  satisfy  Eqs.  (2-48) 
and  (2-46),  respectively,  where  the  influence  operators  B  and  C  are 
compact.  In  addition,  it  will  be  assumed  that  the  damping  operator  A^ 

is  "almost  sufficient"  to  endow  the  system  with  a  uniform  exponential 
decay  rate.  Specifically,  a  finite  number  of  unstable  modes  will  be 
allowed  but  the  asymptotic  nature  of  the  spectrum  must  be  such  that  when 
these  unstable  modes  are  stabilized,  the  resulting  system  has  a  uniform 
exponential  decay  rate.  Similarly,  a  finite  number  of  rigid  body  (i.e. , 
zero  frequency)  modes  will  be  allowed.  However,  since  this  would  violate 
the  positivity  assumption  on  A  made  in  Chapter  two,  these  modes  must  be 
treated  as  a  separate  finite  dimensional  subsystem  by  augmenting  the  plant 
state.  Finally,  to  provide  a  basis  for  optimizing  performance,  some  form 
of  uncertainty  must  be  included  in  the  plant  model.  For  deterministic 
problems,  this  will  take  the  fcrm  of  a  random  initial  state  with  zero 
mean,  Gaussian  probability  density  and  known  covariance.  For  stochastic 
problems,  plant  driving  noise  and  observation  noise  will  be  assumed  with 
known  statistics.  Specifically,  zero-mean  white  Gaussian  plant  driving 
noise  will  enter  through  a  finite  number  of  "equivalent  disturbance 
actuators,"  of  the  same  type  as  the  control  input  actuators  and  zero-mean 
white  Gaussian  observation  noise  will  be  present  in  the  outputs,  arising 
from  noise  sources  external  to  the  plant. 

Given  this  distributed  parameter  plant  model  P,  the  approximating 
plants  {P^}  will  be  truncated  modal  models  similar  to  those  employed  in 

[2,  5,  22],  Physically,  this  means  each  approximate  model  Pn  represents 

a  collection  of  n  (possibly  coupled)  damped  harmonic  oscillators. 

The  compensators  K^*  will  be  of  the  form  of  Eq.  (2-67)  for  some 

fixed  non-negative  integer  q.  For  q  *  0,  this  reduces  to  the  constant 
gain  output  feedback  compensator  and  if  no  decentralization  constraints 
are  imposed  on  the  problem,  all  rap  elements  of  the  gain  matrix  are  free 
design  parameters.  For  q  >  0,  q2  elements  of  the  (mfq)x(p+q)  compensator 
matrix  K  may  be  fixed  without  affecting  the  compensator's  transfer  function 
[29]  (e.g.,  the  compensator  may  be  put  into  any  one  of  several  cannonical 
forms  [30]),  reducing  the  number  of  free  design  parameters  to  mp  +  (tirt-p)q. 
Decentralization  constraints  will  further  reduce  the  number  of  free  design 
parameters  by  requiring  certain  elements  of  K  to  be  zero.  Consequently, 
the  feedback  map  F  =  BKC  may  be  decomposed  into  a  fixed  part  Fq  and  a 

variable  part  F^  which  will  be  chosen  to  minimize  a  cost  functional  J(.). 

The  cost  functionals  J(.)  considered  here  will  be  standard  quadratid 

functionals  like  those  considered  in  [5].  The  cost  functionals  J  (.)  used 

n 

to  define  the  optimal  compensators  Kr*  will  then  be  taken  as  the  pro¬ 
jections  of  J(.)  onto  the  modes  defining  P  .  The  optimality  results 
developed  in  the  next  section  are  more  general,  however,  and  will  only 
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require  that  each  cost  functional  J^.)  he  continuous  and  that  the  se¬ 
quence  {Jn(.)>  converge  to  J(.)  in  a  manner  described  in  the  next  section. 

It  is,  of  course,  not  possible  to  assess  the  severity  of  this  convergence 
requirement  without  a  detailed  examination  of  the  approximate  models 
{P^}  even  for  specific  cost  functionals  J(.)  since  the  manner  in  which 

{J  („)}  converges  (or  does  not  converge)  depends  on  the  manner  in  which 
n 

{P^}  converges.  The  continuity  requirement  on  the  cost  functionals, 

however,  is  not  restrictive  since  most  practical  parameter  optimisation 
schemes  involve  either  gradient  searches  or  the  solution  of  gradient- 
derived  necessary  conditions,  both  of  which  require  Jn(.)  to  be  differ¬ 
entiable,  hence  continuous. 

2.8  Optimality  Conditions 

The  compensator  design  approach  just  described  raises  two  very 
important  questions.  First,  when  does  the  sequence  {K^*}  converge? 

That  is,  what  conditions  must  be  imposed  on  the  plant  model  P,  the 
approximating  plants  P  ,  the  compensators  and  the  cost  functionals 

Jn(.)  and  J(.)  to  insure  that  the  sequence  of  compensators  {Kn*)converges 

to  a  well-defined  limit  K*?  Clearly,  this  is  a  difficult  question  to 
answer  in  general  since  it  will  depend  on  both  the  nature  of  the  con¬ 
vergence  of  the  approximation  plants  {P^ }  and  the  nature  of  the  dependence 

of  the  optimal  compensator  K*  on  the  plant  P  .  The  results  of  [5]  are 

encouraging,  however,  since  they  provide  necessary  and  sufficient  conditions 
for  the  convergence  of  the  sequence  of  compensators  considered  there. 
Specifically,  in  [5],  no  constraints  are  imposed  on  the  compensator 
structure  and  J(.)  is  taken  as  a  quadratic  cost  functional  with  positive 
definite,  bounded,  self-adjoint  weighting  operators  on  both  the  state 
and  the  control  and  examines  the  convergence  of  the  resulting  sequence 
of  full-state  feedback  compensators.  Results  are  presented  that  indicate 
the  existence  of  sufficient  inherent  damping  in  the  plant  P  to  insure  a 
uniform  exponential  decay  rate  is  a  necessary  and  sufficient  condition 
for  this  sequence  of  compensators  to  converge  to  a  compact  limiting 
operator. 

The  second  question  raised  is  that  of  whether  the  limiting 
compensator  K*  is  optimal  with  respect  to  J(.)  when  it  exists.  Specif¬ 
ically,  if  K  *  minimizes  the  cost  functional  J  (.)  for  the  plant  P  and 
’  n  n  n 

K  *  -*  K*  as  n  -*■  00 ,  what  conditions  are  sufficient  to  insure  that  K* 
n 

minimizes  J(.)  for  the  plant  P?  This  section  will  show  that  if  the 
sequence  of  cost  functionals  {J  (.)}  converges  to  the  limit  J(.)  appro¬ 
priately,  then  K*  does  minimize  J(.)  for  the  limiting  plant  P. 
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Specifically,  it  will  be  assumed  that  the  sequence  {k  *}  con- 

n 

verges  to  K*  in  the  sense  that  |  |Kn*  -  K*|  |  +  0  as  n  ■*■  ».  That  ia, 
given  e  >  0,  there  exists  N  such  that  | |Kn*  -  K*|  |  <  e  fcr  all  n  >_  N. 
Here,  the  norm  ||.j|  is  defined  as  [8] 


Wl  " 

1  * 


(2-76) 


where  e  | | . | j  is  the  Euclidian  norm  on  RP  and  |  |. | |^  is  the  Euclidian 

norm  on  Rm  .  The  compensators  K^*  will  also  be  required  to  belong  to  the 

set  A  of  compensators  meeting  the  structure  constraints  described  in  the 
last  section.  Note  that  by  fixing  the  structure  of  the  compensator  in 
this  manner,  only  the  free  parameters  depend  on  P^  and  J^(.)  30  that  if 

K*  exists,  it  will  be  of  the  correct  form.  In  addition,  two  other 
constraints  will  be  imposed  on  K*.  First,  it  must  stabilize  the  plant  P 
in  order  for  the  infinite  time  horizon  problems  considered  here  to  make 
sense.  Similarly,  the  optimization  problem  becomes  meaningless  if  J(K*) 
is  not  finite.  Thus,  defining 


S  =  (K  e  A  |  K  stabilizes  P> 


(2-77) 


and 

T  -  {K  e  A  |  J(K)  <  “  } 


(2-78) 


the  set  r  of  admissable  compensators  will  be  defined  as 


r  =  (so  t)  0 


(2-79) 


where  indicates  the  interior  of  the  set  ft.  Note  that  T  will  generally 
shrinK  as  additional  constraints  are  imposed  on  the  structure  of  the 
compensator,  possibly  reducing  to  the  empty  set  if  these  constraints  are 
severe  enough. 

Given  the  set  T  of  admissable  compensators  defined  by  the  plant  P, 
the  cost  functional  J(.)  and  the  compensator  form  constraints  defining 
A,  the  sequence  of  approximating  cost  functionals  must  satisfy  the 
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following  convergence  requirement.  For  arbitrary  K  e  T  and  £  >  0,  there 
must  exist  a  positive  integer  N  and  a  positive  constant  £  such  that 


n  >  N  and  | | L  -  K | |  <  6 
=  >  |Jn(L)  -  J(L)  |  <  £ 


(2-80) 


Basically,  this  requires  the  sequence  {J  (.)}  to  converge  uniformly  in 

n 

some  open  neighborhood  of  every  element  of  T .  This  Insures  the  following 
results. 

Lemma  2-1:  If  a  sequence  of  continuous  cost  functionals  converges 

in  the  manner  just  described,  the  limiting  cost  functional  J(.)  is  con¬ 
tinuous  on  r. 

Proof : 

1.  Given  £  >  0,  it  follows  from  the  convergence  condition  on 
{Jn(.)}  that  there  exists  a  positive  integer  N  and  y  >  0 

such  that  |j„(L)  -  J  (L) I  <  e/3  for  all  L  £  B  (K)  where 
n  y 

B  (K)  =  (L  :  | |L  -  K | |  <  y}. 

* 

2.  Since  J_T(.)  is  continuous,  there  is  a  positive  constant  V 

N 

such  that  jj„(L)  -  J„(K) I  <  e/3  for  all  L  £  B  fR)  . 

N  N  V 

3.  Let  £  =  min(y,v)  so  L  e  B^(K)  -  >  L  e  B^(R)  and  L  £  Bv00 
so  that 

|j(L)  -  J (K) |  <  | J(L)  -  Jn(L) | 

+  |jn(l)  -  jn(k)| 

+  |jn(K)  -  J (K) | 

<  e/3  +  e/3  +  e/3  =  £. 

A.  Thus,  J(.)  is  continuous  on  T.  □ 
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Lemma  2-2:  If  a  sequence  of  continuous  cost  functionals  {J  (.)} 

n 

converges  in  the  manner  just  described  and  if  the  sequence  of  compensators 
{Kn)converges  to  a  limit  K,  then 


lim  J  (K  )  =  J  (K) . 

^  „  n  n 


Proof : 

1.  From  the  convergence  condition  on  { J  (.)}■,  given  e  >  0  there 

exists  an  integer  and  V  >  0  such  that  if  n  ^  N^,  then 

I J_  (L  )  -  J(L  )|  <  e/2  for  all  L  e  B  (K) . 
n  n  n  v 

2.  Since  T  is  open,  if  K  and  Kef,  there  exists  an  integer 

N„  such  that  n  >  N-  =  >  K  £  F  so  that  J(K  )  is  a  finite, 
physically  meaningful  quantity. 

3.  Since  •+■  K,  there  exists  an  integer  such  that  n  *  > 

K  e  B  (K). 
n  v 

4.  Thus,  let  =  max  so  that  n  ,>  =  > 

|jn(Kn}  "  J(V  I  <  G/2' 

5.  By  lemma  2-1,  there  exists  yi  >  0  such  that  L  e  B^(K)  *  > 

| J(L)  -  J (K) |  <  e/2. 

6.  Again,  since  Kn  -*■  K,  there  exists  an  integer  such  that 

n  >  N,  =  >  K  e  B  (K). 

—  5  n  y 

7.  Let  N  =  max(N^,N,-).  Then  n  ^  N  =  > 

|jn(Kn)  -  J(K) |  <  |Jn(Kn)  -  J(Kn)| 

+ ! J (Kn)  "  J(K)| 

<  e/2  +  e/2  =  e. 

8.  Consequently,  lim  J  (K  )  =  J(K).  □ 

n-*=°  r' 

It  is  important  to  note  the  significance  of  this  convergence 
requirement  on  the  sequence  (jn(.)}.  First,  this  is  a  stronger  condition 
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than  local  convergence  which  only  requires  Jn(K)  J(K)  for  all  K  e  T. 

In  particular,  local  convergence  does  not  guarantee  the  continuity  of  the 
limiting  cost  functional  J(.).  Similarly,  this  condition  ia  weaker  than 
uniform  convergence  since  given  £  >  0,  the  minimum  N  and  maximum  <$  for 
which  |Jn(L)  -  J(L) |  <  £  for  all  L  £  Bg(K)  may  vary  with  K.  In  parti¬ 
cular,  the  convergence  may  become  local  on  the  boundary  of  the  set  T. 

In  fact,  the  convergence  required  here  is  equivalent  to  uniform  conver¬ 
gence  of  (Jn(.)}  on  compact  subsets  of  T,  as  shown  in  the  following 

lemma. 


Lemma  2-3:  The  following  convergence  requirements  on  {j  (.)}  are 
equivalent :  n 

i)  Given  K  £  T  and  e  >  0,  there  exists  an  integer  N  and  a 

positive  constant  6  such  that  n  N  ■  >  jj^d)  -  J(L)|  <  £ 

for  all  L  £  B^(K). 

ii)  Given  a  compact  subset  ft  of  T,  there  exists  N  such  that 
n  >  N  =  >  | Jn(L)  -  J(L) |  <  £  for  all  Left. 

Proof : 

1.  To  show  i)  *  >  ii) ,  let  ft  be  a  compact  subset  of  T.  Then 
given  K  E  ft  and  £  >  0,  there  exists  an  integer  and  a 

positive  constant  <5  such  that  n  >  IL.  *  >  |j  (L)  -  J(L)|  <  e 

n  K  n 

for  all  L  such  that  ) | L  —  K ) |  <  6R. 

2.  Since  ft  is  a  compact  subset  of  T,  it  is  closed  and  bounded  so 

sup  (min  N  )  *  max  (min  IL.)  =  N  <  00 

Keft  K  KEft  K 

and 

inf  (sup  6y)  m  min  (sup  6..)  =  6  >  0. 

Keft  K  Keft 

Clearly,  N  >  NR  and  6  <  for  all  K  £  f  so  that 
n  >_  N  =  >  |  Jn(L)  -  J (L)  j  <  e  for  all  L  such  that  |  | L  —  K |  |  <6 

3.  However,  K  is  an  arbitrary  element  of  S2  so  n  >  N  ■  > 

jjn(L)  -  J(L) |  <  £  for  any  Left,  establishing  ii) . 
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4.  To  prove  ii)  =  >  i) ,  select  an  arbitrary  K  £  F.  Since  T 

is  open,  there  exists  some  6  >  0  such  that  the  open  ball  B„»(K) 
is  contained  in  T 

5.  Let  §2£(K)  represent  the  closed  ball 

B2(S(K)  =  (L  :  ||L  -  K||  <  26} 
and  note  that  Bg(K)£  B2(^(K)c  B^g(K)^  F. 

6.  From  ii)  ,  there  exists  N  such  that  n  ^  N  =  > 

|jn(L)  -  J(L)  |  <  e  for  all  L  £  B2($(K). 

7.  Thus,  given  K  £  F,  n  ^  N  =  >  |  J  (L)  -  J(L)  |  <  e  for  all 

L  e  Bg(K),  establishing  i).  □ 


The  principal  result  of  this  section  is  the  following  theorem 
that  establishes  sufficient  conditions  for  the  optimality  of  the  limit 
K*  of  the  sequence  {K^*}  of  optimal  compensators  for  the  approximating 

plants  {Pnl* 

Theorem  2-1:  Suppose  the  following  conditions  are  met: 

i)  each  functional  J  (.)  is  continuous 

n 

ii)  K  *  minimizes  J  (.)  for  all  n 
n  n 

iii)  K  *  K*  for  some  K*  £  T 
n 

iv)  J  (.)  J(.)  in  the  sense  of  lemma  2-3. 


Then, 


v)  lim  J  (K  *)  =  J (K*) 
_  n  n 

n-*» 

vi)  K*  minimizes  J(.) 


Proof : 


1.  Result  v)  follows  immediately  from  conditions  i)  and  iii)  by 
lemma  2-2. 

2.  To  prove  vi) ,  suppose  K*  is  not  optimal.  Then  there  exists 
some  K  £  F  such  that 
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J(K*)  -  J(K) 


d  >  0. 


3.  From  the  convergence  condition  on  {Jn(.)},  there  exist  integers 
and  Nj  such  that 


and 


n  >  -  >  |Jn(K)  -  J(IC)  |  <  d/2 


n  >  N2  =  >  | Jn(Kn*)  -  J(K*)|  <  d/2. 


4.  Let  N  =  maxCNp^),  then 


5.  Thus, 


-d/2  <  J  (K)  -  J(K)  <  d/2 

N 


-d/2  <  J^*)  -  J(K*)  <  d/2 

JN<KN*)  =  J(K*)  "  "  JN(V)] 

=  J(K)  +  d  -  [ J (K*)  -  JN(V)] 
>  J  (K)  +  d/2 


>  J(K)  +  [Jn(K)  -  J (K)  ] 
=  Jn(k) 


which  contradicts  the  definition  of  K^*. 
6.  Consequently,  K*  minimizes  J(.).  □ 


Finally,  the  following  corollary  is  an  important  practical  result 
that  follows  immediately  from  the  convergence  of  {K^*}.  In  particular, 

it  guarantees  that  compensator  designs  based  on  sufficiently  accurate 
finite  dimensional  dynamic  models  (e.g.,  sufficiently  large  finite  element 
models)  will  stabilize  the  distributed  parameter  plant  and  achieve 
approximately  optimal  performance. 

Corollary  2-1:  If  conditions  i)  through  iv)  of  Theorem  2-1  are  met,  then 
there  exists  some  integer  N  such  that 


and 


i)  n  >  N  =  >  K  *  stabilizes  P 
—  n 


ii)  given  £  >  0,  there  exists  N'  ^  N  such  that 
J(Kn*)  -  J(K*)  <  e  for  all  n  >  N\ 

Proof : 

1.  Since  F  is  open  and  K*  £  T,  there  exists  6  >  0  such  that 
B^(K*)cr.  Thus,  since  Kn*  K*,  there  exists  an  integer  N 

such  that  n>N=>K*£  B*(K*)  =  >  K  *  stabilizes  P. 

—  no  n 

2.  By  lemma  2-1,  J(.)  is  continuous  on  T  so  given  e  >  0,  there 
exists  y  >  0  such  that  L  £  B^(K*)  =  >  |j(L)  -  J(K*)|  *  J(L)  - 

J(K*)  <  £ . 

3.  Consequently,  since  K  *  K*  and  K  *  £  F  for  all  n  >  N,  there 

n  n  — 

exists  N'  >  N  such  that  n  >  N’  =  >  Kn*  £  V  and  J(Kn*)  -  J(K*) 

<  £.  □ 


2.9  Conclusions 


The  compensator  design  approach  suggested  in  [1]  has  been 
generalized  to  a  wider  class  of  cost  functionals  and  specialized  to  the 
flexible  structure  control  problem.  In  addition,  sufficient  conditions 
for  the  optimality  of  the  resulting  compensator  have  been  established. 

If  these  conditions  can  be  met,  this  design  approach  has  three  principal 
advantages.  First,  it  does  yield  the  best  compensator,  relative  to  the 
cost  functional  J(.),  that  meets  any  given  set  of  structure  constraints 
imposed  on  the  control  system.  Consequently,  the  difficulty  of  imple¬ 
menting  the  control  system  may  be  specified  a  priori  as  a  design  con¬ 
straint.  The  second  advantage  of  this  design  approach  is  that  the  value 
of  J(K*)  provides  a  quantitative  measure  of  the  performance  achievable 
subject  to  the  implementation  constraints.  Thus,  if  this  cost  is  too 
great  to  meet  the  desired  performance  objectives,  the  optimality  of  K* 
implies  that  some  of  the  structure  constraints  must  be  relaxed  to 
achieve  acceptable  performance.  Finally,  as  a  practical  matter,  this 
approach  allows  the  design  of  the  optimal  compensator  K*  from  a 
sufficiently  accurate  finite  element  model,  eliminating  the  need  for 
exact  knowledge  of  the  distributed  parameter  dynamics. 
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Unfortunately,  this  design  approach  also  has  two  fairly  signifi¬ 
cant  disadvantages.  First,  the  finite  dimensional  optimal  fixed  form 
compensater  problem  is  numerically  difficult  to  solve.  Specifically, 
unlike  the  case  of  the  optimal  full-state  feedback  compensator,  no 
explicit  solution  is  available  for  this  problem.  Only  necessary  con¬ 
ditions  for  optimality  are  known  and  these  are  difficult  to  solve  [29]. 

The  other  major  disadvantage  of  this  approach  is  that  it  is  new 
so  several  important  open  questions  exist.  First,  it  ±s  not  clear  under 
what  conditions  the  sequence  {K  *}  of  approximating  compensators  converges 
to  a  well-defined,  stabilizing  compensator  K*  with  finite  cost  J(K*). 
Similarly,  it  is  not  clear  under  what  conditions  the  sequence  {j^( .) } 

of  approximating  cost  functionals  converge  in  the  sense  required  by  lemma 
2-3.  Finally,  even  if  these  sequences  do  converge  for  a  particular 
problem,  their  rate  of  convergence  will  determine  how  practical  this 
design  approach  will  be.  Clearly,  all  of  these  questions  depend  on  the 
nature  of  the  distributed  parameter  plant  P,  the  cost  functional  J(.)  and 
the  approximation  scheme  that  determines  the  sequences  {P^}  and  (Jn(.)}. 

In  particular,  in  view  of  the  results  of  [3,5,22],  it  is  likely  that  the 
answers  of  all  of  these  questions  will  depend  strongly  on  the  nature  of 
the  damping  mechanisms  present. 

In  conclusion,  the  results  presented  here  suggest  the  following 
avenues  of  research  might  yield  useful  results: 

1.  Examine  the  convergence  of  standard  quadratic  cost  functionals 
for  modal  approximations  {P^ }  of  the  plant  P.  In  particular, 

do  the  corresponding  approximate  cost  functionals  (j^.)} 

meet  the  convergence  requirements  of  lemma  2-3? 

2.  Examine  the  possibility  of  extending  Gibson’s  results  [5,22] 

to  the  case  of  fixed  form  compensators.  Specifically,  is  the 

existence  of  a  uniform  decay  rate  in  stable  open-loop  plants 

a  necessary  and  sufficient  condition  for  the  convergence  of 

the  sequence  {K  *}  arising  from  quadratic  cost  functionals 
n 

J(.)  and  modal  approximation  schemes? 

3.  As  a  specific  example,  examine  the  convergence  of  stochastic 
output  feedback  compensators  {K^*}  for  representative  plants 

like  the  Draper  model  number  2.  Specifically,  what  is  the 
relation  between  inherent  damping  and  convergence  rate  for 
this  problem? 

4.  Examine  the  possibility  of  developing  numerically  efficient 
algorithms  for  evaluating  the  optimal  compensator  K^*  for  the 

finite  dimensional  plant  P  .  In  particular,  is  it  possible  to 

develop  a  recursive  algorithm  to  compute  Kn*.  from  K^*? 
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SECTION  3 


CLOSED-LOOP  STABILITY  AND  ROBUSTNESS  CONDITIONS 
FOR  LARGE  SPACE  SYSTEMS  WITH  REDUCED-ORDER  CONTROLLERS 


3. 1  Introduction 

Consider  the  active  (or  passive)  control  of  a  generic  large  space 
system  which  may  contain  rigid  as  well  as  elastic  inodes,  undamped  as 
well  as  damped  modes,  unstable  as  well  as  stable  modes.  As  usual,  let 
such  a  large-scale  distributed-parameter  mechanical  system  be  adequately 
represented  by  a  finite-element  model  of  a  reasonable  (high)  dimension,  L, 
as 


Mq  +  Dq  +  Kq  =  f 


(3-1) 


where  the  vector  q  denotes  the  L  generalized  coordinates,  the  vector  f 
the  L  generalized  forces.  The  matrices  M,  D,  and  K  denote  the  mass  (or 
inertia),  the  "damping",  and  the  "stiffness",  respectively,  of  the 
structure.  As  usual,  M  is  real,  symmetric,  and  positive  definite;  K  is 
real,  and  symmetric;  and  D  is  real.  Note  that  not  even  non-negative 
definiteness  is  assumed  of  matrices  D  or  K,  so  that  rigid  modes,  undamped 
modes,  and  even  unstable  modes1,  if  they  exist,  need  not  be  excluded  from 
discussions.  No  symmetry  of  matrix  D  is  assumed  so  that  gyroscopic 
effects,  represented  by  the  skew-symmetric  part  of  D,  need  not  be 
excluded  either.  For  controlling  the  structure,  let  there  be  m  force 
actuators: 


f  =  Bfu 


(3-2) 


where  vector  u  denotes  the  m  actuator  inputs,  one  for  each  actuator,  to 
be  controlled  (or  manipulated) ;  the  L  x  m  matrix  Bp  denotes  the  actuator 

influence  coefficients.  Also  let  there  be  1  sensors  for  separate  or 
mixed  measurement  of  displacements  and  velocities: 


i 


y  =  CDq  +  Cyq 


For  example,  orbiting  structures  without  equal  moments  of  inertia 
about  all  three  axes  will  contain  unstable  rigid  modes  if  gravity 
gradient  torques  are  not  ignorable. 
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(3-3) 


where  the  vector  y  denotes  the  £  sensor  outputs;  the  £  x  L  matrices 

and  C  denote  the  displacement  and  velocity  influence  coefficients.  Now, 
consider  the  following  general  form2  of  (static)  output  feedback  control: 


u  *  -Gy 


(3-4) 


where  the  m  x  £  matrix  G  denotes  the  time- invariant  feedback  gains.  The 
gain  matrix  can  be  designed  for  various  control  objectives  by  many 
different  ways.  Will  any  design  at  least  ensure  that  the  resultant 
closed-loop  system 


Mq  +  (D  +  BpGCv)q  +  (K  +  BpGC^q  =  0 


(3-5) 


is  asymptotically  stable?3  For  realistically  large  space  systems,  the 
answer  is  generally  no.  First  of  all,  the  L  x  I.  additional  damping  matrix 


D*  =  BpGCv  (3-6) 

and  the  L  x  L  additional  stiffness  matrix 

K*  d  BfGCd  (3-7) 


are  singular  matrices  since  the  number  m  of  actuators  and  the  number  £  of 
sensors  are,  realistically,  much  smaller  than  the  number  L  of  generalized 
coordinates.  In  other  words,  for  whatever  design  of  the  output  feedback 
controllers,  the  matrices  D*  and  K*  can  be  non-negative  definite  at  best. 
An  arbitrary  gain  matrix  G,  therefore,  will  not  ensure  the  positive 
definiteness4  of  both  the  augmented  damping  matrix  (D  +  D*)  and  the 
augmented  stiffness  matrix  (K  +  K*) .  Hence,  the  asymptotic  stability  of 


2  See  Subsect.  3.7.1  for  examples  of  common  special  forms. 

3  See  Subsect.  3.7.2  for  some  comments  on  displacement  feedback,  velocity 
feedback,  and  stability  conditions,  and  Subsect.  3.7.3  for  some 
generalized  asymptotic  stability  conditions- 


4  Again,  see  Subsect.  3.7.2  for  some  comments  on  these  stability  conditions. 
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the  resulting  closed-loop  system  does  not  follow  unconditionally  from 
arbitrary  design  of  output  feedback  controllers. 


The  common  practice  of  using  only  reduced-order  modal  models  in 
controller  design  makes  it  even  more  legitimate  to  question  the  stability 
of  the  resulting  full-order  closed-loop  system.  Like  the  standard  case 
of  no  unstable  modes,  rewrite  Eqs.  (3-1)  and  (3-3)  in  terms  of  normal 
modes  as  follows. 


ri  +  An  +  In  =  <I>Tf  (3-8)  ; 

] 

y  =  CD$n  +  Cy$ri  (3-9) 


where  £  is  a  diagonal  matrix  of  real  numbers,  each  denoting  the  "stiffness" 
of  a  normal  mode;  depending  on  the  specific  structure  concerned,  the 
diagonal  elements  can  be  positive,  2ero,  or  even  negative.  Each  column 
of  matrix  $  denotes  a  normalized  mode  shape.  In  the  standard  practice  of 
finite-element  modeling  and  analysis  (using  NASTRAN,  for  example),  damping 
is  assumed  to  be  absent  first  and  an  identical  damping  ratio  (say, 

=  0.01)  is  then  assigned  (rather  arbitrarily)  to  all  modes.  Therefore, 

we  shall  follow  the  common  practice  of  assuming  A  to  be  diagonal  in  the 
main  part  of  our  subsequent  discussions;  nevertheless,  discussions  will 
be  extended  to  the  non-diagonal  case,  particularly  the  more  realistic 
case  of  non-proportional  damping,  at  the  end.  Various  practical  reasons 
have  necessitated  the  truncation  of  the  high-dimensional  modal  model 
(3-8)-(3-9).  As  a  result,  reduced-order  models  for  design  of  output 
feedback  controllers  take  the  following  general  form. 


^  V  <3-10> 

y  ■  S'V'm  +  cvV'h  <3'u> 


where  subscript  M  denotes  the  portion  retained5  in  the  controller  design 


5  In  general,  substantially  more  modes  can  be  retained  for  design  of 
output  feedback  controllers  than  for  design  of  dynamic  compensators 
(including  linear-quadratic  optimal  regulators  combined  with  Luenberger 
observers  or  Kalman  filters).  After  design,  reduced-order  models  are 
also  required  for  implementing  dynamic  compensators  by  the  capability- 
limited  onboard  computers  but  not  so  at  all  for  implementing  (static) 
output  feedback  controllers. 
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model.  The  output  feedback  controllers  are  thus  designed,  say,  to 
augment  certain  amounts  of  damping  or  stiffness  to  the  retained  modes, 
or  to  move  the  poles  or  zeros  of  the  design  model  to  desirable  locations, 
or  to  minimize  certain  cost  functions  regarding  the  control  of  the  design 
model.  Assume  that,  with  whatever  design  approach  taken,  asymptotic 
stability  of  the  resultant  reduced-order  closed-loop  (ROCL)  system, 


nM  + 


+ 


<SM  + 


(3-12) 


can  be  achieved  explicitly  or  implicitly,  where  the  matrices  D*  and  K*  are 
as  defined  by  (3-6)  and  (3-7).  Will  ROCL  asymptotic  stability  insure 
the  asymptotic  stability  of  the  resulting  full-order  closed-loop  (FOCL) 
system?  If  not  unconditionally,  under  what  conditions  will  it?  Useful 
answers  to  these  and  other  related  questions  are  provided  in  this  section, 
including  an  elaboration  and  expansion  of  the  preliminary  results  summarized 
earlier  in  an  interim  report  f 1 ] . 

Subsection  3.2  addresses  asymptotic  stability  for  the  general  case 
where  the  systems  in  question  may  have  unstable  as  well  as  stable  modes. 
Subsections  3.3  and  3.4  address  asymptotic  stability  and  robustness,  re¬ 
spectively,  for  the  case  of  large  space  structures  having  only  stable  modes, 
rigid  or  elastic,  damped  or  undamped.  Subsection  3.5  addresses  the  more 
realistic  case  of  nonproportional  damping.  Subsection  3.7  contains  rele¬ 
vant  appendices. 

For  reporting  convenience,  we  assume,  in  the  sequel,  that  there  are 
no  reasons  against  making  the  additional  stiffness  matrix  B„CCn  symmetric 

*  ^  * 

and  that  if  the  additional  damping  matric  B^GC^  is  asymmetrical,  then  D 
is  to  be  interpreted  as  the  symmetric  part  of  B^GCy 

3 . 2  Full-Order  Clo sed-Loop  Stability  Conditions 

In  what  follows,  we  shall  mainly  be  concerned  with  asymptotic 
stability  of  the  resulting  FOCL  system. 


+  (A  +  <tTD*$)n  +  (S  + 


T  *  . 

$  k  $)n  =  o 


(3-13) 


Note  that  both  representations  (3-5)  and  (3-13)  are  equivalent  with 
respect  to  the  following  nonsingular  coordinate  transformation: 


=  <J>n 
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q 


(3-14) 


Recall  that  System  (3-13)  is  asymptotically  stable  if  both  the  augmented 

ip  ^  m  ^ 

damping  (A  +  $  D  $)  and  the  augmented  stiffness  (£  +  $  K  $)  are  positive 
definite.  Since  one  may  need  to  augment  only  damping,  or  only  stiffness, 
or  both  together,  we  shall  provide  separate  conditions  for  ensuring  the 
the  positive  definiteness  of  the  augmented  damping  matrix  and  that  of 
the  augmented  stiffness  matrix;  FOCL  asymptotic-stability  conditions 
are  simply  these  separate  positive-definiteness  conditions  combined. 


Denote  by  subscript  U  the  unmodeled  portion.  The  matrices 
involved  in  (3-13)  can  be  partitioned  into  modeled  (M)  and  unmodeled 
(U)  parts  as  follows. 


n  = 


(3-15) 


In  particular,  the  augmented  damping  and  stiffness  matrices  can  be 
explicitly  written  as 


t  * 

K  t-v  A 


,  T  *, 

1  T  * 

+  V 

:  % 
i 

T  * 

T  * 

L  v 

:  4u  +  v4uJ 

(3-16) 


S  + 


.T  * , 


T  * 

k  A 


E« +  ¥  *«  ;  »?"*0 


T  * 

$  K  <t> 

U  M 


•  T  * 

-  Zu  +  V*u 


(3-17) 
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It  is  not  difficult  to  see  from  Eqs.  (3-16)  and  (3-17)  that  ensuring 
the  positive  definiteness  of  upper  left  blocks  of  the  matrices  during  the 
reduced-order  design  does  not  automatically  ensure  that  the  whole  matrices 
are  positive  definite.  The  conditions  to  ensure  positive  definiteness 
are  provided  by  the  following  two  theorems  combined. 

Theorem  1A  (Damping  Augmentation) :  Assume  the  feedback  gain  G  is  such 
that 

* 

(a)  D  is  symmetric,  and 

T  * 

(b)  A^  +  <J>mD  is  positive  definite. 

X  * 

Then  the  whole  augmented  damping  matrix  (A  +  $  D  $)  is  positive  definite 
if  and  only  if  the  following  test  matrix 


4t  i  Lu  +  ♦£*»„  -  ♦Jd%„(4m  *  »5>*«m)'1«5>\  0-18) 

is  positive  definite 

Theorem  IB  (Stiffness  Augmentation):  Assume  the  feedback  gain  G  is  such 
that 

* 

(a)  K  is  symmetric,  and 

(b)  $  is  positive  definite. 

T  * 

Then  the  whole  augmented  stiffness  matrix  (E  *  K  4)  is  positive  definite 
if  and  only  if  the  following  test  matrix 


£t  i  Eu  +  *vK\  +  (3-19) 


is  positive  definite 

These  two  theorems  are  direct  consequences  of  a  general  statement  on 
positive  definiteness  of  partitioned  real  symmetric  matrices  (see 
Theorem  1  of  Subsect.  3.7.4)  applied  to  the  partitioned  matrices  (3-16)  and 
(3-17),  respectively.  The  following  important  implications  are  worth  observing. 

1.  Ensuring  ROCL  asymptotic  stability  is  not  enough  to  ensure  ?OCL  asymptotic 
stability,  except  when  all  unraodeled  modes  are  damped  stable  elastic  modes  and 
have  no  control  or  observation  spillover  whatsoever.  Positive  definiteness 

T  ^ 

of  the  unmodeled  part  A^  +  4^  is  necessary  (but  not  sufficient)  for 

ensuring  the  positive  definiteness  of  test  matrix  A  and  hence  that  of  the 

rT  A 

whole  augmented  damping  matrix  A  +  4>  D  <J>.  Similarly,  positive  definiteness 
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T  * 

of  £  +  4>yK  4>y  is  necessary  for  the  positive  definiteness  of  test 

T  ^ 

matrix  £T  and  that  of  the  whole  augmented  stiffness  matrix  E  +  $  K  4>. 

2.  Arbitrary  truncation  can  be  a  problem.  If  unmodeled  modes  include 
a  rigid  mode  or  an  unstable  mode  with  negative  stiffness,  the  whole 
augmented  stiffness  matrix  cannot  be  positive  definite.  Similarly  if 
unmodeled  modes  include  an  undamped  mode  or  an  unstable  mode  with 
negative  damping,  the  whole  augmented  damping  matrix  cannot  be  positive 
definite.  In  either  case,  ROCL  asymptotic  stability  will  not  ensure 
FOCL  asymptotic  stability,  unless  all  those  unmodeled  rigid,  undamped, 
or  unstable  modes  are  properly  compensated  by  favorable  spillover,  which 
is  rather  accidental. 

3.  Spillover  can  be  unfavorable.  Control  spillover  combined  with 
observation  spillover  can  prevent  the  test  matrices,  A  and  E  ,  and 

TX  *  T 

hence  the  whole  augmented  damping  and  stiffness,  (A  +  <J>  D  $)  and 

T  * 

(E  +  <t>  K  $)  ,  from  being  positive  definite  even  when  and  E^  are  positive 

definite.  In  other  words,  even  structures  that  are  initially  stable  can 
become  unstable  because  of  spillover  when  the  feedback  loops  are  closed. 

*  * 

4.  Advantages  of  making  (or  trying  hard  to  make)  D  and  K  non-negative 
definite  are  obvious.  Spillover  will  become  favorable:  the  matrices 

X  *  X  * 

4>y  and  <tyK  4>y  will  be  at  least  non-negative  definite,  making  test 

matrices  A^  and  E^,  more  likely  to  be  positive  definite.  As  we  shall  see 

in  the  following  subsection,  ROCL  asymptotic  stability  thereby  can  ensure 
FOCL  asymptotic  stability  in  case  there  are  no  unstable  modes  and  all 
rigid  or  undamped  modes  are  included  in  the  design  of  output  feedback 
controllers . 

5.  Collocation  of  sensors  with  actuators  is  desirable  but  not  necessary: 
it  does  not  contribute  directly  to  ensure  FOCL  asymptotic  stability. 
Sensor-actuator  collocation  is  mathematically  the  easiest  way  for  making 
D*  and  K*  symmetric,  yet  these  matrices  can  be  made  symmetric  without 
such  collocation.  See  Subsec.t,  3.7.5  for  a  general  design  procedure. 

As  mentioned  above,  it  is  the  non-negative  definiteness  of  D*  and  K*,  rather 
than  their  symmetry,  that  plays  the  principal  role  in  ensuring  FOCL  stability. 

To  provide  a  better  insight  into  the  requirements  for  ensuring  FOCL 
asymptotic  stability,  regroup  the  modes  as  follows.  Designate  as  group 
C>  ail  those  modes  which  have  positive  damping  (i.e.  A^  >  0)  and  the 

remainder  as  group  LE.  Similarly,  designate  as  group  G'  all  those  which 
have  positive  stiffness  (i.e.,  7!  >  0),  and  the  remainder  as  group  L'E*. 

With  matrices  A,  >',  and  '!>  partitioned  accordingly,  we  have  the  following 
similar  conditions  for  ensuring  positive  definiteness. 
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Corollary  iA  (Damping  Augmentation) :  Assume  the  gain  G  is  such  that 
* 

(a)  D  is  symmetric,  and 

T 

(b)  A  +  D  $  is  positive  definite. 

LE  LE  LE 

T  ^ 

Then  the  whole  augmented  damping  matrix  (A  +  $  D  $)  is  positive 
definite  if  and  only  if  the  following  matrix 


A„  + 


*oD\ 


♦V* 

G  LE 


e 


'LE 


T  * 

$  D  $ 
LE  LE 


)_1 


T  * 

LE  G 


is  positive  definite. 


Corollary  IB  (Stiffness  Augmentation) :  Assume  that  the  gain  G  is  such 
that 


(a)  K*  is  symmetric,  and 

(b)  El,e.  +  ^’E'^L'E’  ls  P°sitive  definite. 

T  * 

Then  the  whole  augmented  stiffness  matrix  (E  +  $  K  $)  is  positive  definite 
if  and  only  if  the  following  test  matrix 


JG' 


T  * 
<tG'K  <t>Gt 


T  * 
$C,K  i 


(E 


L'E'  L'E 


T  * 
\*E'K 


l'E' 


)  1^’e,ic*$g' 


is  positive  definite. 

These  corollaries  are  direct  consequences  of  Theorems  1A  and  IB 
when  the  modeled  (M)  part  is  interpreted  as  having  only  the  group  LE  for 
Corollary  1A  and  having  only  the  group  L'E*  for  Corollary  IB.  It  follows 
from  implication  2  of  Theorems  1A  and  IB  that  all  those  modes  which  have 
either  non-positive  damping  (group  LE)  or  non-positive  stiffness  (group 
L'E')  should  be  included  as  modeled  modes  and  be  properly  compensated. 

Very  often,  satisfaction  of  assumption  (b)  in  Theorems  1A  and  IB  is  difficult 
to  ensure  or  to  verify  either  because  too  many  modes  are  involved  or  because 
the  design  method  (such  as  the  Levine-Athans  optimal  output  feedback  or  the 
Kosut  suboptimal  output  feedback)  used  does  not  directly  guarantee  it.  Cor¬ 
ollary  1A  (Corollary  IB)  indicates  that  a  basic  requirement  is  to  satisfy 
a  similar  assumption  with  only  those  modes  that  have  either  zero  or  negative 
damping  (either  zero  or  negative  stiffness).  This  in  particularly  attractive 
when  velocity  measurements  have  their  own  separate  matrices  of  feedback 
gains  (see  Subsect.  3.7.1  for  such  special  forms  of  output  feedback).  As 
will  be  seen  later  (Corollaries  2A  and  2B),  such  basic  (minimum)  requirements 
are  sufficient  in  the  common  case  of  large  space  structures. 
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Case  of  No  Unstable  Modes:  FOCL  Stability  Conditions 


Support  structures  for  large  space  systems,  namely,  large  v-at. c 
structures,  are  commonly  assumed  to  have  no  unstable  modes  o  r'  zi.;  own. 
In  other  words,  both  damping  and  stiffness  matrices  A  and  I  a  e  \fr:  imed 
to  have  only  non-negativa  diagonal  elements.  For  a  special 

we  have  the  following  sharper  FOCL  stability  con-1  j.t Ions,  Theorems 
2A  and  2B  combined. 

Theorem  2A  (Damping  Augmentatic  1) :  Ass- tine  the  feedback  gain  G  is  such 
that 


(a)  D*  is  symmetric  and  non-negative  definite,  and 

(b)  +■  <5>^D  is  positive  definite. 


T 

Then  the  whole  augmented  damping  matrix  (A  +  $  D  $)  is  positive  definite 
if  Ay  is  positive  definite. 

T  ^ 

Proof :  The  additional  damping  matrix  $  D  $  is  non-negative  definite  by 
assumption  (a) .  Its  sum  with  a  non-negative  definite  matrix, 


T  7*  ^ 

\  +  V  *M° 

T  A 

1 - 

o 

T  *  T  * 

V  4m  V  *u  _ 

=  4>  D  $  + 

o’  0 

is  thus  non-negative  definite.  Assumption  (b)  and  a  general  statement  on 
non-negative  definiteness  of  partitioned  real  symmetric  matrix  (see 
Theorem  2  of  Subsect.  3.7.4)  together  then  imply  that 

T  *  T*  T*-1T* 

V  -  *UD  VAM  +  *M°  V  *M°  *U 

is  non-negative  definite.  Consequently,  the  test  matrix  A^  as  defined 

in  Theorem  1A  is  positive  definite  if  is  positive  definite.  This 
proves  the  theorem. 

Theorem  2B  (Stiffness  Augmentation):  Assume  the  feedback  gaivi  G  is  such 
that 

(a)  K*  is  symmetric  and  non-negative  definite,  and 

(b)  is  positive  definite. 
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T  * 

Then  the  whole  augmented  stiffness  matrix  (E  +  4>  K  $)  is  positive  definite 
if  Ey  is  positive  definite. 

Proof :  Same  as  for  Theorem  2A  except  for  appropriate  notational 
changes . 

Interesting  and  important  insights  into  FOCL  stability  can  be 
derived  from  these  theorems  when  modes  are  grouped  according  to 
damping  or  stiffness.  Note  that  the  group  LE  as  designated  at  the  end 
of  last  subsection  now  reduces  to  the  group,  specifically  designated  as 
group  E,  that  consists  of  only  undamped  modes.  Similarly,  the  group 
L'E'  now  reduces  to  the  group,  designated  as  group  E',  that  is  composed 
of  only  rigid  modes.  The  following  are  derived  from  Theorems  2A  and  2B 
by  interpreting  the  modeled  modes  as  being  exactly  the  group  E  and  the 
group  E',  respectively. 

Corollary  2A  (Damping  Augmentation) :  Assume  the  feedback  gain  G  is  such 
that 

(a)  D*  is  symmetric  and  non-negative  definite,  and 

T  * 

(b)  the  additional  damping  matrix  $  D  is  positive  definite. 

T  ^ 

Then  the  whole  augmented  damping  matrix  (A  +  $  D  $)  is  positive  definite. 

Corollary  2B  (Stiffness  Augmentation):  Assume  the  feedback  gain  G  is 
such  that 

(a)  K*  is  symmetric  and  non-negative  definite,  and 

rp  * 

(b)  the  additional  stiffness  matrix  $  ^,K  is  positive  definite. 

T  * 

Then  the  whole  augmented  stiffness  matrix  (E  +  $  K  $)  is  positive  definite. 

* 

These  corollaries  imply  that  any  gain  matrix  G  that  makes  both  D  and 

K*  non-negative  definite  (their  best  possible)  while  adding  positive  definite 
stiffness  to  all  rigid  modes  and  positive  definite  damping  to  all  undamped 
modes  will  ensure  FOCL  asymptotic  stability. 

3.4  Case  of  No  Unstable  Modes:  FOCL  Stability  Robustness  Conditions 

For  large  space  structures  having  no  unstable  modes,  adding 
positive  definite  damping  and  stiffness  to  modeled  modes  will  also  make 
asymptotic  stability  insensitive  to  parameter  errors  or  variations.  Let 
M,  D,  and  R  denote,  respectively,  the  actual  mass  matrix,  the  actual 
damping  matrix,  and  the  actual  stiffness  matrix,  which  differ  from  the 
nominal  values,  M,  D,  and  K,  because  of  parameter  errors  or  variations. 

The  actual  modal  matrix  the  actual  modal  damping  matrix  A,  and  the 
actual  modal  stiffness  matrix  Z  will  thus  differ  from  their  corresponding 
nominal  values  <t>,  A,  and  E.  The  following  theorems  imply  that,  under 
certain  reasonably  weak  conditions,  FOCL  asymptotic  stability  can  still 
be  ensured  even  when  the  reduced-order  controllers  are  designed  using 
nominal  values  that  are  different  from  the  actual. 


^:;r. 
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Theorem  3A  (Damping  Augmentation):  Assume  the  feedback  gain  G  is  such 
that 

(a)  D*  ^  BpGCy  is  symmetric  and  non-negative  definite,  and 

(b)  is  positive  definite. 

Assume  the  actual  case  is  such  that 

(c)  for  some  nonsingular  matrix  T, 

(d)  A^  is  non-negative  definite,  and 

(e)  Ay  is  positive  definite. 

Then  the  whole  augmented  damping  matrix 

(A  +  JTD*$) 

for  the  actual  case  is  positive  definite. 

Proof ;  This  theorem  is  obvious  from  Theorem  2A,  since  its  assumption 

(b)  holds  for  the  actual  case,  namely, 

is  positive  definite. 

Theorem  3B  (Stiffness  Augmentation) :  Assume  the  feedback  gain  G  is  such 
that 

(a)  K*  -  B^GC-  is  symmetric  and  non-negative  definite,  and 

r  D 

T  ^ 

(b)  is  positive  definite. 

Assume  the  actual  case  is  such  that 

(c)  4.  =  <3>  r  for  some  nonsingular  matrix  T, 

M  M 

(d)  Z..  is  non-negative  definite,  and 

M 

(e)  Zy  is  positive  definite. 

Then  the  whole  augmented  stiffness  matrix 

(Z  +  $TK*$) 

for  the  actual  case  is  positive  definite. 
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Proof ;  This  theorem  is  obvious  from  Theorem  2B,  since 

K  +  *k%  =  ^  +  rT<&V 

is  positive  definite. 

Note  that  condition  (b)  of  Theorem  3A  requires  that  no  more  modes 
be  used  in  the  controller  design  than  there  are  velocity  sensors  or  there 
are  force  actuators.  Similarly,  condition  (b)  of  Theorem  3B  requires 
that  the  number  of  displacement  sensors  and  that  of  force  actuators  be 
at  least  equal  to  the  number  of  modeled  modes,  respectively. 

The  following  specific  interpretations  (Corollaries  3A  and  3B)  of 
these  two  theorems  provide  interesting  insights  into  the  stability 
robustness  of  such  reduced-order  controllers.  For  Corollary  3A,  con¬ 
sider  only  undamped  modes  (the  nominal  group  E)  is  the  modeled  modes, 
whereas  for  Corollary  3B,  consider  only  rigid  modes  (the  nominal  group 
E'). 

Corollary  3A  (Damping  Augmentation) :  Assume  the  feedback  gain  G  is  such 
that 

(a)  D*  is  symmetric  and  non-negative  definite,  and 

(b)  $  D  is  positive  definite. 

E  Jti 

Suppose  that,  under  parameter  variations, 

(c)  the  number  of  undamped  modes  does  not  increase,  and 

(d)  the  undamped-mode  shapes  remain  inside  the  space  spanned 

by  those  of  the  nominal,  namely,  $>  =  for  some  non- 

E  £  h 

singular  matrix  T  . 

Ej 

Then  the  whole  augmented  damping  matrix 

(A  +  $TD*$) 

remains  positive  definite  despite  the  parameter  variations. 

Corollary  3B  (Stiffness  Augmentation):  Assume  the  feedback  gain  G  is 
such  that 

(a)  K*  is  symmetric  and  non-negative  definite,  and 

T  ii 

(b)  ^tK  $  ,  is  positive  definite. 

E  E 

Suppose  that,  under  parameter  variations, 

(c)  the  number  of  rigid  modes  does  not  increase,  and 
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(d)  the  rigid-mode  shapes  regain  inside  the  space  spanned  by  those 
of  the  nominal,  namely,  4>  ,  ■  ,T  ,  for  some  nonsingular 
matrix  1^,.  E  E  E 

Then  the  whole  augmented  stiffness  matrix 

d  +  $TK*$) 

remains  positive  definite  despite  the  parameter  variations. 

Three  additional  insights  are  worth  mentioning. 

1.  A  careful  examination  of  the  assumptions  in  Theorems  3A  and  3B  will 
reveal  that  feedback  controllers  that  may  not  ensure  FOCL  asymptotic 
stability  for  the  nominal  case  may  still  ensure  FOCL  asymptotic  stability 
for  the  actual  case  with  such  parameter  variations  or  errors  as 
described  by  assumptions  (c)  through  (e) .  Assumptions  (d)  and  (e)  in 
both  theorems  are  self  evident.  Assumption  (c)  means  that  the  actual 
mode  shapes  of  the  modeled  modes  remains  in  the  same  space  spanned  by 
their  nominal  mode  shapes,  and  are  nothing  but  linear  combinations  of 
the  nominal. 

2.  Examination  of  the  proof  of  Theorems  3A  and  3B  also  show  that 
Assumptions  (c)  through  (e)  need  not  be  satisfied  for  the  same  partition 
{M,u}  of  the  nominal  modes  to  ensure  the  FOCL  stability  for  the  actual 
case.  Specifically,  Theorem  3A  remains  valid  if  its  assumptions  (c) 
and  (d)  are  satisfied  by  a  smaller  number  of  modeled  modes  (i.e.,  with 
the  M  part  and  the  matrix  r  replaced  by  M*  and  P' ,  respectively)  while 
its  assumption  (e)  is  satisfied  by  a  correspondingly  larger  number  of 
unmodeled  modes  (i.e.,  with  the  U  part  replaced  by  U')  when  more  damped 
modes  are  actually  truncated.  Similarly,  Theorem  3B  remains  valid  if  its 
assumptions  are  satisfied  by  another  smaller  number  of  modeled  modes  (i.e., 
with  M  and  T  replaced  by  M"  and  T",  respectively)  while  its  assumption  (e) 
is  satisfied  by  a  correspondingly  larger  number  of  unmodeled  modes  (i.e., 
with  U  replaced  by  U")  when  the  number  of  rigid  modes  is  actually  smaller 
and  more  elastic  modes  are  truncated. 

3.  Assumption  (c)  of  Corollary  3A  implies  that  if  a  damped  mode  is  expected 
to  become  undamped  in  the  actual  case  with  parameter  errors  or  variations, 
it  should  be  treated  as  if  it  were  also  an  undamped  mode  (a  member  of 
group  E)  and  included  as  a  nominal  modeled  mode  in  the  controller  design. 
Similarly,  assumption  (c)  of  Corollary  3B  implies  that  if  an  elastic  mode  is 
anticipated  to  become  a  rigid  mode  subject  to  parameter  variations  or 
errors,  it  should  be  included  in  the  controller  design  and  treated  as  if  it 
were  also  a  rigid  mode. 

3. 5  Case  of  Non-Proportional  Damping 

The  damping  matrix  D  of  realistic  large  space  systems  may  not  be 
diagonalized  simultaneously  with  the  mass  and  stiffness  matrices,  M  and  K, 
since  the  Rayleigh  proportional  damping  condition  or  even  the  general 


i 
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Caughey-O' Kelly  commutativity  condition  [5]- [7]  may  not  be  satisfied. 
Therefore,  the  modal  damping  matrix  takes  on  the  following  general 
non-diagonal  form. 


4>TD4>  =  A 


when  partitioned  with  respect  to  modeled  (M)  and  unmodeled  (U)  parts. 

The  diagonal  blocks  A^  and  Ay  need  not  be  diagonal  matrices  and  the 

off-diagonal  blocks  and  need  not  be  null  matrices,  either.  Note 

that  the  symmetry  of  damping  matrix  D  implies  the  symmetry  of  A^  and  Ay 

and  the  equality  of  r,_,  to  r?L. 

UM  MU 


In  case  of  non-proportional  damping,  the  test  matrix  A^  in  the 

conclusion  of  Theorem  1A,  regarding  the  FOCL  asymptotic  stability, 

needs  to  include  the  off-diagonal  blocks  r„„  and  r._,  and  therefore 
.  .  _  MU  UM 

be  rewritten  as 


■  \i  +  -  <rra  + 


$md  %  +  $mD  V  +  $Mn  V 


(3-20) 


This  means  that  one  should  design  the  feedback  controllers  for  such 
large  space  systems  based  on  the  whole  modeled  part  A^,  not  just  its 
diagonal  elements.  Furthermore,  for  ensuring  FOCL  asymptotic  stability, 
the  off-diagonal  blocks  and  (i.e.,  the  coupling  effects  of 

non-proportional  damping)  must  not  be  ignored,  either.  Of  course,  a 
stability  ensuring  design  is  less  straightforward  than  that  for  the 
idealized  case  with  a  diagonal  modal  damping  matrix. 

The  presence  of  non-proportional  damping  can  degrade  (or  accidentally 
improve)  the  asymptotic  stability  and  robustness  of  FOCL  systems  with 
reduced-order  controllers  based  on  proportional  damping.  It  is  worth 
mentioning,  however,  that  when  modeled  modes  can  be  appropriately 
selected,  or  the  feedback  gain  G  can  be  appropriately  determined,  such 
that  the  off-diagonal  block  is  negligible  compared  to  then 

the  modal  damping  matrix  A  essentially  has  only  diagonal  blocks  A^  and 

Ay.  The  foregoing  conclusions  on  FOCL  stability,  e.g. ,  Theorems 

1A  and  2A,  remain  applicable  provided  A^  and  Ay  thereof  are  no  longer 

interpreted  as  only  diagonal  matrices.  Similarly,  when  is  negligible 

compared  to  <J>^D  ‘t’y  in  the  case  of  parameter  variations  or  errors,  the 
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foregoing  conclusions  on  stability  robustness,  e<£.,  Theorem  3A,  also 
remain  applicable. 

3.6  Conclusion 


Vibration  controllers  for  large  flexible  space  systems  must  be 
designed  using  only  a  reduced-order  (RO)  model  of  the  space  system  con¬ 
cerned  because  of  many  practical  limitations,  whereas  asymptotic  stability 
of  the  full-order  closed- loop  (FOCL)  system  is  a  basic  requirement.  En¬ 
suring  that  the  reduced-order  model  is  closed-loop  asymptotically 
stable  (e.g.,  that  the  augmented  damping  and  stiffness  matrices  in  the 
reduced-order  model  are  positive  definite),  however,  is  not  enough  to 
ensure  asymptotic  stability  of  the  FOCL  system.  The  stability  conditions 
as  given  by  Theorems  1-2,  or  Corollaries  1-2,  must  also  be  taken  into 
account  in  some  practical  manner  during  the  design  of  RO  controllers.  For 
example,  include  all  rigid,  undamped,  or  unstable  modes  in  the  reduced- 
order  design  model;  stabilize  all  unstable  modes  separately  first;  con¬ 
strain  the  feedback  gain  G  so  that  the  additional  damping  and  stiffness 

matrices,  B_GC,_  and  B„GC_,  are  nonnegative  definite.  According  to  Theo- 
r  V  t  u 

rem  3  and  Corollary  3,  such  special  efforts  will  also  help  make  FOCL  asymp¬ 
totic  stability  robust  to  parameter  errors  or  variations. 


It  is  worth  mentioning  that  if  only  passive  devices,  such  as  dashpots 
and  springs,  are  used  in  damping  and  stiffness  augmentation,  the  resulting 
additional  damping  and  stiffness  matrices,  D*  and  K*,  are  naturally  sym¬ 
metric  and  nonnegative.  In  other  words,  the  assumption  (a)  in  Theorems  2  and 


3  is  satisfied  automatically. 


Moreover, 


T  T 

the  design  parts  and 


which  represent  the  additional  damping  and  stiffness  to  the  modeled  modes, 
are  at  least  nonr.egative  definite;  the  assumption  (b)  in  Theorems  2A  and  2B 
may  have  been  satisfied  already.  All  that  remains  for  the  designer  is  to 
ensure  that  no  rigid  modes  or  undamped  modes  are  truncated.  He  may  want 
to  select  the  size,  number,  and  location  of  the  dashpots  and  springs  to 
assure  that  the  damping  and  stiffness  augmented  to  the  modeled  modes  are 
positive  definite.  Therefore,  according  to  Theoi  •  and  3,  FOCL  asymptotic 

stability  and  its  robustness  become  very  easy  with  purely  passive  control.  A 
practical  and  important  question  is  how  much  damping  and  stiffness  can  actually 
be  added  this  way.  Passive  control  can  be  used  to  significantly  alleviate 
stability  problems  with  active  control,  however.  All  these  theorems  clearly 
imply  that  augmentation  of  damping  and  stiffness,  even  with  a  very  small  but 
positive  amount,  to  as  many  unmodeled  modes  as  possible  by  passive  devices 
will  positively  and  greatly  help  active  control  ensure  the  asymptotic  stabil¬ 
ity  and  robustness  of  FOCL  systems. 


Nonproportional  damping  can  complicate  the  stability  and  robustness  of 
FOCL  systems.  The  design  of  RO  controllers  for  such  structures  should  con¬ 
sider  not  only  individual  damping  of  the  modeled  modes  but  also  their  coupling 
through  mutual  damping;  so  should  the  stability  and  robustness  conditions. 
Nevertheless,  when  appropriate  selection  of  modeled  modes  or  appropriate  de¬ 
sign  of  RO  controllers  can  render  damping  coupling  be, ween  modeled  and  un¬ 
modeled  modes  negligible,  the  asymptotic  stability  and  robustness  conditions 
become  as  simple  as  the  purposefully  general  statement  of  Theorems  1-3  and 
Corollaries  1-3. 
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Positive  definiteness  of  both  the  damping  matrix  and  the  stiffness 
matrix  is  a  sufficient  condition  for  asymptotic  stability  and  has  been  adopted 
in  this  initial  study  of  FOCL  stability  and  robustness.  Such  a  condition 
is  strong  but  not  unreasonable  nor  unrealistic.  Many  useful  simple  in¬ 
sights  for  improving  or  guiding  the  design  of  RC  controllers  have  been 
generated.  RO  controllers,  such  as  modal  dashpots  and  modal  springs  to 
be  discussed  in  Section  4,  can  be  so  designed  that  asymptotic  stability 
and  robustness  of  FOCL  systems  are  actually  possible. 

Positive  definiteness  of  the  stiffness  matrix  is  also  necessary,  whereas 
that  of  damping  matrix  can  be  relaxed  to  nonnegative  definiteness  together 
with  a  certain  rank  condition  of  the  type  for  complete  observability  or  com¬ 
plete  controllability  (see  Subsection  3.7.3).  In  any  case,  at  least  non¬ 
negative  definiteness  of  the  damping  matrix  needs  to  be  ensured  (for  FOCL  neu¬ 
tral  Liapunov  stability)  and  conditions  similar  to  part  A  of  Theorems  1-3 
and  Corollaries  1-3  can  be  easily  established  in  the  same  way  but  using 
only  Theorem  2  of  Subsection  3.7.4.  The  rank  condition,  however,  involves 
high  powers  and  products  of  the  full-order  mass,  damping  and  stiffness 
matrices  and  are  not  easy  in  providing  "uncomplicated"  insights  for  guiding 
RO  controller  design.  Of  course,  additional  useful  and  less  restrictive 
asymptotic  stability  conditions  can  be  derived  from  such  a  rank  condition, 
but  further  research  on  this  condition  including  laborious  expansion  of  the 
complex  stack  of  matrix  products  and  an  in-depth  analysis  of  its  rank  must 
be  conducted  first. 


3.7  Appendices 

3.7.1  Common  Special  Forms  of  Output  Feedback  Control 

The  following  are  some  special  forms  of  output  feedback  control  com¬ 
monly  considered. 

1 


FormJ.;  u  -  -Gyyv  -  GDyD  =  -  l % |  Gy 3 


yD 


where  y^and  y ^  denote  the  separate  measurements  of  displacements  and  velo¬ 
cities,  respectively. 


Form  2 : 


u  =  - 


"GDyD 

% 

°1 

r  n 

yD 

Vv_ 

0 

.yv_ 

where  one  set  of  actuators  is  strictly  for  feedback  of  displacement  measure¬ 
ments  and  another  is  strictly  for  feedback  of  velocity  measurements. 

Form  3:  G  and  G  in  Form  2  are  diagonal  matrices. 
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3.7.2  \  Displacement  Feedback,  Velocity  Feedback,  and  Stability  Conditions 


Velocity  feedback  alone  cannot  stabilize  a  system  that  has  negative 
stiffness;  for  such  an  unstable  system,  appropriate  displacement  feedback 
must  be  provided  first.  Therefore,  at  least  non-negative  definiteness  of 
the  whole  augmented  stiffness  matrix  (K  +  K*)  is  necessary  for  stability 
of  the  resulting  closed-loop  system.  Similarly,  displacement  feedback 
alone  cannot  stabilize  a  system  that  has  negative  damping;  for  such  an  un¬ 
stable  system,  appropriate  velocity  feedback  must  be  provided  first.  There¬ 
fore,  at  least  non-negative  definiteness  of  the  whole  augmented  damping  ma¬ 
trix  (D  +  D*)  is  necessary  for  stability  of  the  resulting  closed-loop  system. 

Canavin  [2]  initially  stated  (without  proof)  that  if  matrices  M, 

D  +  D*,  and  K  +  K*  are  all  positive  definite,  then  the  closed-loop  system 
(3-5)  is  asymptotically  stable.  A  simple  direct  proof  was  later  provided 
by  Lin  and  Lin  [3].  This  is  a  stronger  result  than  the  classical  Kelvin- 
Tait-Chetaev  theorem  and  Zajac's  extension  [4],  since  asymptotic  stability, 
not  just  neutral  Liapunov  stability,  can  be  ensured  under  exactly  the  same 
conditions.  Moreover,  the  proof  indicates  that  actually  only  the  symmetric 
part  of  matrices  D  and  D*  needs  to  be  considered  when  either  is  not  symme¬ 
tric;  in  over  words,  gyroscopic  effects  or  any  other  factors  that  affect 
the  symmetry  of  either  D  or  D*  can  be  ignored.  Such  sufficient  conditions 
for  asymptotic  stability  are  used,  as  reported  in  this  section,  for  provid¬ 
ing  initial  "uncomplicated"  answers  to  the  FOCL  stability  questions  and  for 
generating  useful  insights  to  guide  the  design  of  FOCL-stability-ensuring 
RO  controllers. 

3.7.3  Generalized  Asymptotic  Stability  Conditions 

The  requirements  of  positive  definite  damping  for  asymptotic  stabi¬ 
lity  can  be  relaxed  to  that  of  "pervasive  damping".  The  specific  concept 
of  pervasive  damping  was  defined  by  Zajac  [8]  following  Pringle's  discussion 
[9]  on  the  use  of  Hamilton  functions  as  testing  "energy"  functions  for 
Liapunov  stability  of  gyroscopic  systems  and  on  the  use  of  LaSalle’s  exten¬ 
sion  [10,11]  of  Liapunov  conditions  in  case  the  "power"  function  (i.e.,  the 
time  derivative  of  the  Hamiltonian  function  used)  is  not  negative  definite  but 
only  nonpositive  definite.  An  analytical  condition  that  a  certain  observa¬ 
bility  or  controllability  matrix  be  of  its  full  rank  was  given  by  Walker  and 
Schmitendorf  [12]  and  Russell  [13]  for  pervasive  damping  of  nongyroscopic 
systems  (with  a  symmetric  damping  matrix),  and  a  similar  one  by  Mllller  [14] 
and  Hughes  and  Gardner  [15]  for  gyroscopic  systems  (with  a  symmetric  damping 
matrix  and  a  skew- symmetric  gyroscopic  matrix).  Under  the  assumption  that 
the  (closed-loop)  system  in  question  is  already  Liapunov  stable,  i.e.,  that 
(a)  the  (augmented)  stiffness  and  mass  matrices  are  symmetric  and  positive 
definite  and  (b)  the  symmetric  part  of  the  (augmented)  damping  matrix  is  non¬ 
negative  definite,  such  a  condition  is  necessary  and  sufficient  for  asymptotic 
stability  [12,17], 

Instead  of  starting  with  the  assumption  of  Liapunov  stability  as  in 
[12-17],  we  have  recently  established  a  necessary  and  sufficient  condition 
for  asymptotic  stability  that  further  improves  and  generalizes  the  classical 
Kelvin-Tait-Chataev  (KTC)  theorem  (see  the  foregoing  Appendix  3.7.2  for  an 
earlier  improvement).  Assuming  only  pervasive  damping,  or  specifically  that  the 
(augmented)  damping  matrix  is  only  nonnegative  definite  but  satisfies  the 
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above-mentioned  analytical  condition  (slightly  weakened),  we  have  shown 
that  positive  definiteness  of  the  (augmented)  stiffness  and  mass  matrices 
is  necessary  as  well  as  sufficient  for  asymptotic  stability  of  the  (closed- 
loop)  syatem.  Recall  that  the  classical  KTC  theorem  or  even  Zajac’s  exten¬ 
sion  [A]  only  established  the  sufficiency  of  the  stiffness  and  mass  matrices 
being  positive  definite,  and  could  assort  only  Liapunov  stability  even  under  the. 
assumption  that  the  (augmented)  damping  matrix  is  positive  definite.  The  proof 
and  applications  of  this  theorem  as  well  as  other  new  results  on  asymptotic 
stability  of  linear  systems  (h.  first-order  as  well  as  in  second-order  repre¬ 
sentations)  will  be  discussed  elsewhere  in  greater  detail. 

Appendix  3.7.4  Positive  and  Nonnegative  Definiteness  of  Real  Symmetric 
Matrices 


Let  S  denote  a  real  symmetric  matrix  partitioned  as  follows 


S 


B 

D 


Theorem  1  (Positive  definiteness)  ; 

Assume  that  A  is  nonsingular.  Then  S  is  positive  definite  if  and  only  if 
both  A  and  D  -  CA  *B  are  positive  definite. 


Proof :  Since  A  is  nonsingular,  we  have  the  following  identity 


I 

0 

A 

B 

I 

-A  *3 

'a 

0 

-CA_1 

1 

C 

D 

0 

1 

0 

D  -  CA_1B 

- 

- 

- 

> 

- 

- 

Consider  the  following  coordinate  transformation 

x  =  Ty 


where 


I  -A_1B 


It  follows  from  the  symmetry  of  matrix  S  that 


T 

x  Sx  = 


ylAyt 


+  Yo  (D  -  CA_1B)y, 
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Now,  since  T  is  nonsingular,  the  quadratic  form  on  the  left-hand  side  is 
positive  definite  if  and  only  if  the  two  independent  quadratic  forms  on 
the  right-hand  side  are  positive  definite.  The  theorem  thus  follows  from 

the  fact  that  both  matrices  A  and  D  -  CA  are  also  symmetric  because  qf 
matrix  S. 

■  orem,  2  (Nonnegative  definiteness): 

Assume  that  A  is  nonsingular.  Then  S  is  nonnegative  definite  if  and  only  if 
both  A  and  D  -  CA  are  nonnegative  definite. 

Proof .  Same  as  for  Theorem  1  except  the  term  "positive  definite"  is  replaced 
by  "nonnegative  definite"  at  the  end. 

3.7.5  A  General  Design  of  G  for  Symmetry  and  Nonnegative  Definiteness  of 

T 

D*  and  Positive  Definiteness  of  4-  4>^*  ^ 

Let  the  feedback  gain  matrix  G  be  determined  as  a  product  of  three 
matrices 


G  -  HVv 


(3-21) 


Then  the  additional  damping  matrix  is  given  by 


D*  i  BfGCv  -  BfLvSvRvCv  (3-22) 

k 

To  make  D  symmetric  and  hence  to  satisfy  assumption  (a)  of  Theorem  1A,  choose 
the  three  matrices  such  that 

<RVCJ  "  Vm  <3“23> 


and 


(3-24) 


Note  that  collocation  of  the  sensors  with  the  actuators  is  not  required, 
although  it  is  desirable. 


To  determine  matrix  specifically,  notice  that  the  modeled  portion 
of  the  additional  damping  matrix  is  given  by 

-  *!>FLvWv*» 

T 

Thus,  for  positive  definiteness  of  the  modeled  portion,  of  the 

augmented  damping  matrix  and  hence  satisfying  assumption  (b)  of  Theorem  1A, 
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let  A*  be  any  symmetric  positive  definite  matrix  and  solve  for  S„  from  the 
M  V 

following  equation 

(<tMW  SV  “  AM  "  AM  0-25) 

where  only  the  symmetric  part  of  A^  is  considered  if  it  is  not  sytanetric  or 
diagonal. 

If  nonnegative  definiteness  of  D*  is  also  desired,  choose  A*  to  be  a 
symmetric  positive  definite  matrix  such  that  the  right-hand  side  of  Eq.  (3-25), 


is  at  least  nonnegative  definite. 

Finally,  to  compute  a  solution  of  Eq.  (3-25),  consider  the  following 
general  expression 


AXB  =  C  (3-26) 

where  A,  B,  and  C  are  given  rectangular  matrices  and  X  is  an  unknown  matrix 
of  the  appropriate  dimension.  Let  certain  row  or  column  operations,  denoted 
by  nonsingular  matrices  P,  Q,  R,  and  S,  be  performed  on  the  known  matrices. 
Denote  the  outcomes  by  the  following  partitioned  matrices 


'Fll  |  F12_ 

p. 

w 

"Gu  !  gi2' 

=  RBS, 

'Hll 

j  H12l 
1 _ _ 

| 

F  •  F 

L  21  !  22J 

LG21  i  G22J 

.H21 

i  H22J 

where  F  and  are  nonsingular  and  have  the  same  rank  as  matrices  A  and  B, 
respectively.  Partition  the  nonsingular  matrices  of  operations  accordingly  as 


v 

„  d 

r  •  i  „  d 

r  !„  l  „  d 

v 

^ — 

,  0  = 

[Qi;Q2].  R  - 

R,;R2  .  S  = 

.P2. 

L  1 '  ^  J 

.S2. 

Then  the  following  is  the  general  solution  to  Eq.  (3-26). 

X  -  VnHuGuRi 


+  «>2  -  VuP,2>  «21C11  +  Y22C21>  CUR1 


+  Vn(FuYi2  +  f12y22> 
+  «2  -  VnFl2>  Y22<R2 
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<R2  "  G21CuV 


G21GuV 


i  A 


i 


where  Y^,  Yn*  and  Y?2  are  matrices  of  free  parameters. 

Other  details  concerning  such  a  design  procedure  and  solution  of 
Eq.  (3-26)  will  be  discussed  elsewhere. 
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SECTION  4 


AUGMENTATION  OF  DAMPING,  STIFFNESS,  AND  STABILITY  TO 
LARGE  SPACE  STRUCTURES  BY  MODAL  DASHFOTS  AND  MODAL  SPRINGS 


4.1  Introduction 


The  notion,  conceived  by  Canavin  [1],  of  vibration  controllers  for 
large  space  structures  as  "modal  dashpots"  is  interesting:  each  modal 
dashpot  is,  in  principle,  designed  to  add  any  specified  amount  of  damping 
to  a  specific  mode  independently ,  as  if  the  modal  dashpot  and  the  correspon¬ 
ding  mode  were  completely  isolated  from  any  other  pairs.  A  large  space 
structure  is  commonly  modeled  as  a  large  number  of  rigid  bodies  intercon¬ 
nected  by  massless  elastic  structural  elements,  and  its  small  motions  are 
described  by  a  highly  coupled  system  of  linear  second-order  differential 
equations.  As  usual,  transformation  of  the  discrete  coordinates  into  the 
normal  coordinates  will  uncouple  the  displacement  variables,  and  there¬ 
fore  enable  one  to  specify  separately  the  amount  of  additional  damping  re¬ 
quired  for  each  linear  harmonic  oscillator  represented  by  a  vibration  mode. 
In  practice,  the  additional  damping,  if  not  provided  by  structural  material, 
must  be  provided  by  feedback  of  velocity-sensor  outputs  through  force 
actuators.  Such  a  transformation  will,  however,  further  couple  the  actuator 
input  variables  and  the  sensor  ouput  variables,  respectively.  A  velocity 
feedback  which  is  to  provide  the  required  damping  will  generally  recouple 
the  open-loop  decoupled  dynamic  equations.  Because  of  the  closed-loop 
recoupling,  the  additional  damping  actually  provided  may  be  very  far  from 
the  specified  damping.  Nonetheless,  it  is  possible  to  transform  the  actu¬ 
ator  input  variables  so  as  to  let  each  of  the  transformed  variables  actuate 
or  "control'-  a  different  mode  independently  [1-3].  It  is  also  possible  to 
transform  the  sensor  output  variables  so  as  to  let  each  of  the  transformed 
output  variables  sense  or  "estimate"  a  different  mode  independently  [1-2]. 
Now,  let  a  transformed  output  variable  which  is  to  sense  the  velocity  of  a 
certain  mode  independently,  be  fed  back  with  a  negative  gain  to  the  corre¬ 
sponding  transformed  input  variable  (which  will  actuate  that  mode  indepen¬ 
dently).  Then,  conceptually,  the  harmonic  oscillator  represented  by  this 
mode  is  actached  with  an  exclusive  linear  "dashpot".  Such  a  modal  dashpot 
has  a  damping  coefficient  given  by  the  (adjustable)  gain  of  the  feedback 
amp lif ier , 


Since  its  conception  by  Canavin  in  1978  [1],  the  modal-dashpot  design 
philosophy  has  undergone  significant  advancement  at  Draper  as  a  result  of 
two  initially  separate  research  efforts  [18-20].  The  discouraging  high- 
gain  problem  of  Canavin  [1]  with  modal-dashpot  design  can  now  be  alleviated 
by  a  bi-objective  design  optimization  algorithm,  which  exploits  the  existent 
free  parameters.  Subsections  4.2  through  4.6  contain  discussions  of  such  a 


bi-objective  modal  dashpot  optimizer  (for  adding  the  largest  possible  damping 
to  primary  modes  while  requiring  the  smallest  possible  feedback  gains)  and 
many  interesting  numerical  results  on  closed-loop  stability  and  robustness 
of  the  modal-dashpot  designs. 

The  presence  of  rigid-body  modes  was  considered  a  difficult  tech¬ 
nical  issue  in  stability  analysis  [1J  or  modal  analysis  [16],  and  some  un¬ 
necessary  separate  control  was  suggested  to  eliminate  them  [1,16].  Numerical 
results  [1,  15,  18]  and  the  inherent  energy  dissipativeness  of  (passive)  dash- 
pots  and  member  dampers  have  indicated  that  modal  dashpots  can  ensure  stability 
and  can  be  robust.  Neither  an  analytic  proof  of  these  stability  and  robust¬ 
ness  properties,  nor  a  rigorous  statement  of  the  enabling  conditions,  has 
ever  been  given.  Subsections  4.7  through  4.9  will  (1)  discuss  an  integrated 
design  of  modal  dashpots  and  "modal  springs"  which  will  easily  and  practi¬ 
cally  resolve  the  problem  with  rigid  modes,  (2)  provide  two  simple  but 
rigorous  theorems  on  the  full-order  closed-loop  asymptotic  stability  and 
robustness  properties,  and  (3)  contain  a  simple  numerical  demonstration  with 
various  kinds  of  parameter  variations. 

4 . 2  Modal-Dashpot  Design  Philosophy;  Associated  Bi-Objective  Design 

Optimization  Problem 


The  structural  model  assumed  is  (as  in  [1])  an  undamped  linear  finite- 
element  approximation  with  no  gyroscopic  terms. 

Mq  +  Kq  *  B_u  (4-1) 

r 

where  q  denotes  the  L  physical  coordinates  of  the  model,  M  and  K  are  the 
mass  and  stiffness  matrices  respectively;  u  denotes  the  control  inputs  to 
force  (and  torque)  actuators,  and  is  the  actuator  influence  matrix. 

Transformation  into  normal  coordinates,  i.e. 

q  =  Or,  (4-2) 

yields  the  following  modal  representation 

n  +  =  O^Bu  (4-3) 

F 


where 


n  denotes  the  L  modal  coordinates 

T 

0  MO  =  I  =  identity  matrix 

T  2  2  2 

<t>  KO  =  U  =  diag  {u)j ,  . .  .  .w^} 
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and  denote  the  ith  natural  frequency  and  the  ith  mode  shape,  respectively. 
Discarding  the  rigid  modes  as  in  [1]  leaves  a  collection  of  undamped  oscillators. 

Let  y^  denote  the  outputs  from  velocity  sensors,  i.e. 

yv  -  Cvq  (4-4) 


where  Cy  is  the  velocity-sensor  influence  matrix.  Consider  constant-gain 
feedback  of  the  form 

u  “  "Vv  (A_5) 

As  a  result,  the  closed-loop  system  takes  the  following  form 

Mq  +  Dq  +  Kq  «  0  (4-6) 


where 


*  d 

D  -  Vvcv 


denotes  the  additional  damping  matrix. 


(4-7) 


Computation  of  the  higher  frequency  modes  is  inaccurate,  and  the 
high  dimensionality  of  the  complete  finite  element  model  makes  control  com¬ 
putation  expensive  if  not  impossible.  It  is  a  common  practice  to  trun¬ 
cate  the  structural  model  by  eliminating  some  of  the  elastic  modes  to  obtain 
a  control  design  model.  After  a  modal  truncation,  the  damping  matrix  to 
be  designed  is  actually  defined  by 


dm  " 


(4-8) 


where  4>  is  the  modeled  partition  of  <$>  (for  controller  design)  after  it  has 
been  reordered  to  group  modeled  and  unmodeled  modes.  Canavin  considered 
those  modes  which  are  critical  to  line-of-sight  (LOS)  performance  as  the 
modeled  modes  and  assumed  collocation  of  the  sensors  with  the  actuators 


(4-9) 


Fundamental  to  the  modal-dashpot  design  philosophy  is  the  requirement 
that  the  additional  damping  preserves  the  classical  normal  modes  such  that 

<  ■  <», 

'k 

where  Z^  denotes  a  diagonal  matrix  of  the  additional  damping  ratios  for 
the  modeled  modes  and  S.1,  denotes  a  diagonal  matrix  of  the  modeled  natural 
frequencies.  Canavin' s  primitive  modal-dashpot  design  concept  has  now  been 


generalized  (and  interpreted  to  properly  reflect  the  true  meaning  of  output- 
feedback  as  he  intended).  The  output-feedback  gain  matrix  is  to  be  de¬ 
termined  directly  from  Eq.  (4-10)  and  (4-8)  combined  (without  transforming 
the  actuator  and  sensor  variables).  The  combined  equation 


cmbfgvcv*m 


2V'M 


(4-11) 


will  be  referred  to  as  the  modal-dashpot  constraint.  Canavin’s  deriva¬ 
tions  and  interpretations  can  be  summarized  and  simplified  as  solving 
Eq .  (4-i 1)  for  a  gain  matrix  G  using  pseudo  inverses  of  matrices 

T  v 

and  C  *  as 


(4-12) 


Canavin  computed  the  feedback  gains  according  to  (4-12)  in  order  to 
add  1 0\  damping  to  a  sample  large  space  structure.  The  results,  however, 
led  him  to  feel  that  the  modal-dashpots  "may  be  of  limited  utility  due  to  the 

12 

high  gains  (.mostly  of  the  order  10  )  produced  by  this  approach"  [11].  An 

analysis,  as  briefly  reported  earlier  in  Section  5  of  the  recent  interim  re¬ 
port  [4],  shows  that  such  a  high-gain  problem  need  not  exist.  It  essentially 

T 

shows  that  when  either  i..B_  or  C..h.  is  a  singular  matrix  there  are  free 

nr  V  M 


parameters  that  can  help  minimize  the  magnitude  of  the  feedback  gains.  Note 
that  Eq.  (4-11)  is  of  the  same  general  form  as  Eq.  (3-26)  in  Subsection 
3.7.3  and  that  the  Y  in  Eq .  (3-27)  represent  matrices  of  free  parameters 

in  its  general  solution.  Other  methods  may  bf.  able  to  utilize  these  free 
parameters  better  than  pseudo-inversion.  For  example,  many  standard  optimi¬ 
zation  methods  enable  one  to  compute  matrix  G,(  taking  the  modal-dashpot 


equation  (4-11)  as  a  constraint  instead  of  solving  it  explicitly.  Further¬ 
more,  the  free  parameters  can  be  used  in  optimizing  the  design  of  modal 
dashpots . 


Once  the  existence  and  advantage  of  free  parameters  is  recognized,  an 
obvious  question  is  how  to  choose  their  values  to  minimize  feedback  gains 
while  adding  as  much  damping  as  possible  to  primary  modes  (which  include 
critical  modes  and  other  noncritical  but  serious  modes).  The  underlying  two 
performance  objectives  now  become  evident,  and  are  formulated  as  a  bi-objective 
optimization  problem.  Note  that  in  the  interest  of  improving  model  fidelity, 
we  also  retain  in  the  control  design  model  some  other  important  modes  which  we 
call  secondary  modes.  Active  damping  of  secondary  modes  is  not  required,  but 
prevention  of  control  spillover  to  and  observation  spillover  from  them  is 
desired.  Both  primary  and  secondary  modes  (denoted  by  subscripts  P  and  S, 
respectively)  are  referred  to  as  modeled  modes  and  are  denoted  by  subscript  M. 
Therefore,  the  bi-objective  modal-dashpot  design  problem  is  to  find  the  feed¬ 
back  gains  g.^  and  the  damping  ratios  that 
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maximize 


(4-13) 


and 


maximize 
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subject  to 
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^Pmin 
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(modal-dashpot  constraint) 
for  primary  modes 

for  secondary  modes 


(4-14) 


(4-11) 

(4-15) 

(4-16) 


where  denotes  the  (j,k)th  element  of  gain  matrix  G^,  and  w^  are  weights 

intended  to  allow  the  designer  to  express  relative  importance  of  the  modes. 
Weights  could  also  be  added  to  the  elements  of  the  gain  matrix,  but  this 
seems  to  offer  little  advantage  if  gain  elements  are  presumed  similar.  Ad¬ 
ditional  constraints  may  be  added  as  necessary.  Observe  that  no  computation 
of  the  pseudo-inverses,  or  the  free  parameters  is  required.  They  are  all 
embedded  in  the  equality  constraint  Eq.  (4-11). 


4-3  A  Brief  Review  of  Pareto  Optimization 

Zadeh  [5]  noted  that  one  of  the  most  serious  weaknesses  of  optimal 
control  theory  is  the  selection  of  a  single  criterion  of  optimality.  Any 
single  criterion  is  likely  to  ignore  important  design  features  or  combine 
dissimilar  features  artificially  into  a  single  objective.  Instead,  Pareto 
optimization  is  a  systematic  method  of  dealing  directly  with  multiple  ob¬ 
jectives  by  imposing  a  useful  partial  order  on  the  vector-valued  performance 
criterion.  Stated  simply,  Pareto  optimal  solutions  are  solutions  for  which 
no  single  objective  can  be  improved  without  degrading  one  of  the  remaining 
objectives.  More  descriptive  synonyms  for  Pareto  optimal  are  efficient  or 
non- inf erior .  The  result  of  Pareto  or-' imization  is  the  "efficent  frontier" 
of  the  feasible  region  in  the  objectiv  space.  The  efficient  frontier  is 
a  set  of  designs  that  represent  the  best  compromises  between  the  explicitly 
stated  objectives.  The  designer  may  then  choose  the  most  satisfying  ef¬ 
ficient  design  with  confidence. 


Computational  methods  for  finding  efficient  solutions  reduce  the 
multiple  objective  problem  to  a  series  of  single  objective  problems.  Zadeh 
15]  suggested  repeatedly  optimizing  a  weighted  sum  of  the  objectives  for 
various  weights  when  the  feasible  region  in  objective  space  is  convex.  This 
corresponds  to  finding  feasible  points  through  which  hyperplanes  can  be 
passed  that  separate  the  feasible  region  from  the  superior  points.  Un¬ 
fortunately  the  method  fails  if  no  such  hyperplane  can  be  found  as  for  example 
when  the  feasible  region  is  not  convex.  Also,  selection  of  appropriate 
weights  to  obtain  a  useful  sampling  of  points  on  the  efficient  frontier  is 
not  straightforward.  Beeson  [6],  motivated  by  the  pattern  recognition 
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approach  to  developing  separating  surfaces  between  pattern  classes,  sug¬ 
gested  a  quadric  surface  as  an  alternative  to  the  hyperplane.  This  suffers 
from  the  complexity  of  determining  the  parameters  of  the  quadratic  aggre¬ 
gations  of  objectives  which  depend  on  the  frontier  they  are  trying  to 
locate.  Another  approach  for  dealing  with  non-convexity  is  to  optimize  an 
arbitrarily  selected  objective  while  parametrically  constraining  the  remain¬ 
ing  objectives.  If  the  constraint  is  equality,  the  method  is  that  of  Proper 
Equality  Constraints  (PEC)  [7],  if  the  constraint  is  better  than  or  equal  to 
the  parametric  constant  vector,  the  method  is  Proper  Inequality  Constraints 
(PIC)  [8].  Both  methods  require  examination  of  solutions  to  discard  those 
on  inefficient  portions  of  the  frontier.  Variation  of  the  parametric  con¬ 
stant  vector  is  reasonbly  straightforward  since  it  is  tied  directly  to  the 
objectives.  The  PEC  and  PIC  methods  were  incorporated  in  the  bi-objective 
optimizer  described  below. 


4.4  A  Bi-Objective  Modal-Dashpot  Design  Optimizer 

The  bi-objective  optimization  problem  given  by  Eq.  (4-23)  through 
(4-17)  has  a  computationally  convenient  form.  Taking  the  sensors  and 
actuators  as  given  for  the  problem  leaves  only  the  elements  of  the  gain  ma¬ 
trix  and  the  modal  damping  ratios  as  variables.  Objective  is  a  quadratic 

in  the  problem  variables.  The  other  objective  and  all  the  constraints  are 
linear  in  the  problem  variables.  Parametrically  constraining  objective 

converts  the  bi-objective  problem  to  a  quadratic  programming  problem,  the 
simplest  nonlinear  programming  problem.  For  the  method  of  proper  equality 
constraints  [7],  the  associated  Parametric-Equality-Constrained-Single- 
Objective  (PECSO)  optimization  problem  is 


Maximize 


(i.e.,  minimize 


E 

j.k 


subject  to 


iC  wici  =  a 


VfWm  =  2ZM^M 


(4-17) 


1  ^ptnin  a11  Primary  modes 

t, .  >  .  all  secondary  modes 

i  —  Smm 


where  u  denotes  the  parameter.  For  applying  the  method  of  proper  inequality 
constraints  [8],  the  associated  Parametric-Inequality-Constrained-Single- 
Objective  (PICSO)  optimization  problem  is  the  same  as  the  above  PECSO  problem 
except  the  parametric  equality  constraint  (4-17)  is  replaced  by 
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For  expediency  in  software  development  a  quadratic  programming 
algorithm  was  chosen.  The  method  employed  was  Lemke's  complementary  pivot 
algorithm  [9]  since  it  requires  a  semi-definite  rather  than  definite  qua¬ 
dratic  weighting  matrix.  Also  Ravindran  had  published  a  FORTRAN  code  of 
the  algorithm  [10]  and  reported  successful  use  of  the  algorithm  on  linear 
programs.  Lemke's  general  form  of  the  quadratic  programming  problem  is 


minimize 

T  T 

J  ■  c  x  +  x  Qx 

(4-18) 

subject  to 

Ax  _>  b 

(4-19) 

x  _>  0 

(4-20) 

The  non-negativity  constraint  Eq.  (4-20)  is  convenient  for  the  damping 
ratios  but  awkward  for  the  elements  of  the  gain  matrix.  To  accommodate  it, 
the  gain  matrix  is  expressed  as  the  difference  of  two  matrices  whose 
elements  are  constrained  non-negative.  The  linear,  homogenous  equality 
constraint,  Eq.  (4-15),  could  be  expressed  as  a  pair  of  inequality  con¬ 
straints.  However,  because  the  theoretical  iteration  limit  of  the  algorithm 
increases  combinatorially  with  the  number  of  constraints  and  variables,  con¬ 
siderable  computation  is  saved  by  eliminating  it.  Also,  expressing  an  equal¬ 
ity  constraint  as  two  inequalities  results  in  degeneracy  of  the  constraints 
which  requires  additional  computation.  Therefore,  the  homogenous  modal- 
dashpot  constraint  equation  is  expressed  in  Kronecker  product  form  and 
solved  by  Gaussian  elimination.  The  parametrically  constrained  quadratic 
programming  problem  is  then  transformed  to  carry  out  the  single  objective 
optimizations  in  the  free  parameters  of  the  homogenous  solution.  The  com¬ 
putational  savings  is  not  without  cost.  If  sgm^n  of  Eq*  (4-17)  is  zero, 

f  oating  point  round-off  error  in  the  transformation  may  sometimes  give 
slightly  negative  secondary-mode  damping  ratios  when  the  stability  con¬ 
straint  is  nominally  satisfied  by  the  transformed  variables.  To  remedy  this, 
a  small  positive  number  is  substituted  for  the  zero.  The  number  used  was 
0.005,  selected  quite  arbitrarily  because  it  was  comfortably  larger  than  the 
round-off  error.  Incorporation  of  Ravindran' s  code  in  the  bi-objective  pro¬ 
gram  required  the  addition  of  Charnes'  perturbation  of  the  problem  to  re¬ 
solve  degeneracies  in  the  constraints.  Lemke's  proof  of  the  algorithm  ex¬ 
cluded  degeneracy  but  noted  that  degenerate  problems  could  be  perturbed  to 
remove  the  degeneracy.  Without  perturbation  the  algorithm's  success  depends 
on  the  order  of  appearance  of  the  constraints  (Eq.  (4-19)).  With  that  modi¬ 
fication,  Lemke's  algorithm  performed  satisfactorily  on  a  variety  of  small 
test  problems.  On  some  of  the  larger  problems  the  algorithm  could  fail  to 
terminate  in  a  short  time. 

The  bi-objective  computer  program  accepts  as  input  the  description  of 
the  structure  and  the  user's  desires  and  produces  a  sampling  of  points  on  the 
efficient  frontier  and  the  designs  that  map  into  those  points.  Specifically, 
the  inputs  required  of  the  user  are: 
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(1)  The  numbers  of  sensors,  actuators,  and  design  model  modes. 

(2)  The  natural  frequencies  of  the  modes  and  the  Kronecker  product 

T 

of  the  modal  influence  matrices  4£jBF  and  Cylt,  of  the  actuators 
and  sensors. 

(3)  The  weights  on  the  modal  damping  ratios  (nonzero  weight  implies 
primary  mode),  the  range  of  values  of  the  parametrically  con¬ 
strained  objective  to  be  searched  and  the  minimum  and  maximum 
number  of  designs  to  evaluate  in  that  range. 

(4)  Any  additional  user-defined  linear  inequality  constraints  to 
be  concatenated  to  the  basic  problem. 

In  (3)  above,  instead  of  specifying  upper  and  lower  limits  on  J^,  the  user 
can  force  a  default  process  of  determining  extreme  values  of  J1  by  minimizing 
and  maximizing  without  regard  for  J2.  These  optimizations  are  linear  pro¬ 
grams  solved  by  Lemke's  algorithm  with  Q  set  to  zero.  The  lower  bound  occurs 
with  inequality  constraints  Eq.  (4-16)  and  (4-17)  active.  In  the  absence  of 
other  user  constraints  there  is  no  upper  bound  on  J  with  the  problem  state¬ 
ment  as  formulated.  If  the  linear  program  produces  an  unbound  result,  then 
an  arbitrary,  practical  upper  limit  is  set,  say,  at  70%  of  critical  damping 
for  primary  modes. 

The  outputs  of  the  program  are  the  gains  and  damping  ratios  for  all 
efficient  solutions  and  the  objectives  for  all  solutions,  efficient  and  in¬ 
efficient  . 

The  bi-objective  program  will  accommodate  more  general  problems  than 
can  be  solved  with  the  quadratic  programming  single-objective  optimizer. 

Some  of  the  features  described  below  are  not  exercised  by  the  example  problem. 

They  provide  a  framework  amenable  to  more  complicated  problems  requiring  only 
the  installation  of  a  more  general  single-objective  subroutine.  To  obtain 
the  solutions  of  the  bi-objective  program,  J  is  constrained  parametrically 
to  values  within  the  specified  limits  beginning  at  the  upper  limit.  (For 
PEC  the  constraint  is  equality;  for  PIC  the  constraint  is  greater  than  or 
equal  to  the  parameter.)  In  the  process  the  program  makes  heavy  use  of  the 
Lagrange  multipliers  provided  as  a  by-product  of  Lemke's  algorithm.  The  first 
use  is  to  adapt  the  step  size  of  the  parameter.  Using  the  "shadow  price"  inter¬ 
pretation  of  the  Lagrange  multiplier,  the  multiplier  associated  with  the  para¬ 
metric  objective  indicates  the  slope  of  the  frontier.  As  the  magnitude  of  the 
slope  increases  the  step  size  is  reduced.  The  second  use  is  to  save  unneces¬ 
sary  comparisons  between  solutions  in  the  PEC  method  by  eliminating  immediately 
any  solutions  that  are  locally  inefficient,  i.e.,  any  that  are  associated  with 
positive  multipliers  (See  [II]).  The  third  use  is  to  trigger  closer  scrutiny 
of  the  frontier  at  the  interface  between  regions  of  efficiency.  When  the 
sign  of  the  multiplier  changes  while  stepping  the  parameter  down  from  the 
upper  limit,  a  binary  search  is  made  to  locate  within  the  permitted  granu¬ 
larity  the  point  where  the  change  occurred.  As  each  locally  efficient  solution 
is  found,  it  is  chained  to  a  linked  list  of  globally  (so  far)  efficient  solutions. 
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The  list  is  linked  in  increasing  order  in  to  minimize  the  number  of  com¬ 
parisons  necessary  to  establish  "global"  efficiency.  The  linked  list  data 
structure  is  necessary  instead  of  a  simpler  array  structure  because  the 
solutions  are  not  necessarily  obtained  in  monotonically  decreasing  order  in 
J.  .  A  locally  efficient  solution  is  added  to  the  global  list  only  if  it  is 
efficient  relative  to  those  in  the  list.  Any  earlier  solutions  inefficient 
by  comparison  are  removed  from  the  list. 

4 . 5  Numerical  Applications  to  Draper  Tetrahedral  Model:  Design 

The  12-mode  Draper  tetrahedral  model  [12]  was  used  as  an  example.  Bi¬ 
objective  Pareto  optimal  designs  of  modal  dashpots  and  the  trade-off  curve 
were  sequentially  generated  by  the  bi-objective  optimization  program.  In 
the  spirit  of  model  truncation,  modes  9  through  12  were  considered  unavail¬ 
able  to  the  designer  (e.g.,  because  their  computation  is  too  inaccurate  or 
too  expensive  to  proceed).  Modes  one,  two,  four,  and  five  were  critical 
because  of  their  major  contribution  to  line-of-sight  error.  All  six  collo¬ 
cated  pairs  of  force  actuators  and  velocity  sensors  are  used.  For  this 
example,  the  control  design  model  consisted  of  modes  one  through  six,  taking 
only  critical,  modes  as  primary  modes. 

In  order  to  apply  the  bi-objective  optimization  program,  one  needs  to 
specify  the  weights  w.  on  the  damping  of  the  primary  modes.  A  first  attempt 

to  formulate  weights  to  express  satisfaction  with  the  additional  damping 
achieved  by  a  gain  matrix  would  probably  weight  the  critical-mode  damping 
ratios  according  to  the  mode's  importance  to  mission  performance,  if  a 
single  measure  of  importance  is  available.  In  our  case  the  individual  con¬ 
tribution  to  line-of-sight  (LOS)  error  suggests  itself.  Weighting  the  damp¬ 
ing  ratios  accordingly  produces  the  efficient  frontier  (i.e. ,  the  Pareto 
optimal  tradeoff  curve)  shown  in  Figure  4-1.  The  frontier  shows  no  terribly 
flat  nor  terribly  steep  regions  where  nearly  arbitrary  improvement  in  one 
objective  can  be  had  at  the  expense  of  small  degradation  in  the  other.  All 
the  corresponding  Pareto  optimal  designs  are  equally  good  so  far  as  the  two 
objectives  are  concerned.  The  corresponding  pole  loci  are  shown  in  Figure  4-2. 
The  starting  points  of  the  pole  loci  as  the  magnitude  of  the  feedback  gains 
increases  are  indicated  by  the  numbers  that  represent  the  modes.  The  feature 
of  interest  in  this  figure  is  not  the  shape  of  the  individual  pole  loci; 
that  is  dictated  by  the  constancy  of  their  natural  frequencies.  Rather,  it 
is  the  relative  movement  of  the  poles  under  efficient  gain  tradeoffs.  The 
results  show  that  the  high-frequency  critical  modes,  which  have  lighter  LOS 
weights,  are  moved  much  faster  to  the  left  (i.e.,  attain  damping  much  easier) 
than  the  low-frequency  critical  modes,  which  had  heavier  LOS  weights.  In¬ 
deed,  mode  5  soon  becomes  overdamped  while  mode  1  obtains  no  higher  damping 
ratio  than  the  preset  minimum.  The  net  effect  is  that  each  of  these  designs 
is  bi-objective  Pareto  optimal  in  the  sense  that  the  LOS-weighted-sum  of 
critical  mode  damping  ratios  is  the  largest  possible,  while  the  magnitude 
of  required  feedback  gains  is  the  smallest  possible. 

An  obvious  remedy  for  overdamping,  if  one  wishes  to  avoid  it,  is  to 
clamp  an  upper  limit  on  the  critical  mode  damping  ratios.  For  an  upper 
bound  of  0.7  the  efficient  frontier  and  corresponding  pole  loci  are  shown 
in  Figures  4-3  and  4-4.  Now,  modes  1  and  2  are  moved,  but  only  after 
modes  4  and  5  have  reached  the  boundary.  The  problem  has  an  inherent 
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ordering  of  the  modes  that  dominate  the  pole  movement.  The  sharper  knee  of 
the  frontier  and  the  greatly  increased  range  of  the  magnitude  of  required 
feedback  gains  hint  at  the  order  explicit  in  the  pole  movement.  It  es¬ 
sentially  implies  that  the  feedback  controllers  have  much  smaller  in¬ 
fluence  on  modes  1  and  2  than  modes  4  3nd  5. 

If  uniform  movement  of  the  critical  modes  is  desired,  the  LOS 
weights  need  to  be  modified  to  reflect  such  an  inherent  order.  Keen  hind¬ 
sight  directed  at  the  sensor  and  actuator  influences  discloses  that  the 
modes  moved  most  were  those  most  easily  moved,  i.e.,  those  with  larger  sensor 
and  actuator  influences.  In  search  of  a  more  or  less  uniform  movement  let  us 
weight  each  critical  mode  damping  ratio  by  the  inverse  of  the  sum  of  the 
squares  of  its  actuator  influences,  i.e. 

w.  - 

The  sum  of  squared  influences  (instead  of  magnitude  or  root-sum-square) 
accounts  for  collocations  of  sensors  and  actuators.  The  results  of  inverse- 
sum-of-squared-inf luence  (ISSI)  weights  are  shown  in  Figures  4-5  and  4-6. 

The  pole  movements  are  reasonably  uniform,  although  the  upper  bound  constraints 
are  still  reached  first  by  modes  4  and  5.  The  frontier  still  encompasses  the 
higher  gains  (there  is  no  free  Junch)  but  the  sharpness  of  the  knee  is  gone. 

Combining  the  ISSI  weights  with  the  LOS  weights  gives  the  efficient 
frontier  and  pole  loci  as  shown  in  Figures  4-7  and  4-8,  respectively.  It  is 
curious  to  observe  that  the  pole  movement  is  now  more  uniform  than  before 
for  all  critical  inodes  except  mode  4,  the  movement  of  which  is  stopped.  Final¬ 
ly,  it  is  worth  mentioning  that  in  all  these  Pareto  optimal  designs,  the  two 
secondary  modes,  namely  modes  3  and  6,  remain  decoupled  from  all  other  modes 
and  get  no  more  damping  beyond  theii  preset  minimum.  All  these  gains  are 
automatically  directed  to  the  four  critical  modes  in  minimizing  their  magni¬ 
tude  while  maximizing  the  weighted  sum  of  critical-mode  damping. 

4 . 6  Numerical  Applications  to  Draper  Tetrahedral  Model:  Robustness 

Having  explored  our  bi-ob jective  design  optimization  of  modal  dashpots 
for  the  example,  we  now  address  the  robustness  of  these  designs  to  violations 
of  assumptions  underlying  the  initial  notion  of  modal  dashpots.  Besides 
gross  properties  of  the  system,  such  as  stability,  we  should  examine  the 
sensitivity  of  the  design  objectives  to  the  violations.  Of  the  two  objec¬ 
tives  only  the  damping  objective  is  of  real  interest;  the  gains  are  pre¬ 
sumably  under  our  control.  Instead  of  examining  the  weighted  sum  of  damping 
ratios,  it  is  more  direct  and  informative  to  examine  the  individual  pole 
loci.  For  robustness,  WvJ  thus  lc  ok  for  qualitatively  similar  poTe  loci  re¬ 
sulting  from  the  designed  gains  applied  to  truth  models  incorporating  com¬ 
binations  of  spillover  parameter  variations,  and  noncollocaticn  of  sensors 
and  actuators. 

E1SPACK  eigenvalue  subroutines  were  used  to  calculate  the  closed- 
loop  "truth  model"  poles  directly  and  thereby  generate  the  pole  loci  for 
examination.  The  bi-objective  Pareto  optimal  designs  of  modal  dashpots  with 
I S G I  weights  are  arbitrarily  selected  for  evaluation.  As  a  check  on  the 


4-10 


Pareto  optimization,  the  first  truth  model  employed  was  identical  with  the 
design  model.  The  independent  results  were  identical  with  Figure  4-2. 

Since  the  loci  in  Figure  4-2  were  indirectly  generated  from  the  damping 
ratios  calculated  in  solving  the  bi-objective  problem  Eq.  (4-13)  through 
(4-16),  this  verified  the  accuracy  of  the  bi-objective  program. 

4.6.1  Robustness  to  Spillover 

For  a  look  at  the  effects  of  spillover,  the  next  truth  model  con¬ 
sisted  of  the  first  eight  modes.  The  behavior  of  the  design-model  modes 
is  shown  in  Figure  4-9.  The  diamonds  represent  the  truth-model  poles  and 
the  crosses  the  design-model  poles  as  before.  The  other  two  modes  (not 
shown)  were  consistently  overdamped.  The  two  low-frequency  modes  are  severely 
disappointing;  their  motion  with  increasing  gain  is  towards  the  imaginary 
axis.  The  (excessive)  increase  in  damping  of  the  truncated  modes  (namely  modes 
7  and  8)  is  a  small  consolation  for  the  decrease  in  damping  of  critical  modes 
1  and  2.  Nevertheless,  spillover  causes  no  instabilities.  Observe  that  the 
two  secondary  modes  (modes  3  and  6)  remain  unaffected. 

The  third  truth  model  consisted  of  all  twelve  modes.  The  behavior 
of  all  the  full-order  truth-model  modes  is  shown  in  Figure  4-10.  The 
portion  corresponding  to  the  six-mode  design  model  is  shown  in  greater  de¬ 
tail  in  Figure  4-H.  Although  the  unavailable  modes  (9  Lhrough  12)  are  moved 
considerably,  all  the  available  modes  (1  through  8)  behave  virtually  the 
same  way  as  the  above  case  of  the  eight-mode  truth  model.  In  both  cases, 
the  dominant  effect  on  the  sensitivity  in  critical-mode  damping  appears  to 
stem  from  the  exclusion  of  modes  7  and  8  from  the  controller  design  model. 

It  is  worth  observing  that  stability  is  robust  despite  such  severe  spillover. 

4.6.2  Robustness  to  Parameter  Variation 

To  examine  the  effect  of  parameter  variation,  the  perturbed  version 
(12]  of  the  Draper  tetrahedral  model  was  used.  As  a  result  of  doubling  the 
mass  at  node  1  and  increasing  the  cross  section  of  the  thinner  elastic 
members  by  50%  and  that  of  the  thicker  members  by  20%,  the  first  two  fre¬ 
quencies  are  decreased,  while  all  others  are  increased.  The  mode  shapes  are 
nearly  indistinguishable  from  the  nominal. 

The  fourth  truth  model  consisted  of  the  same  modes  (1  through  6)  but 
from  the  perturbed  model.  This  displays  the  effects  of  parameter  errors  in 
the  control  design  model.  The  results  are  shown  in  Figure  4-12.  Again,  truth- 
model  poles  are  diamonds,  and  design-model  poles  are  crosses.  Each  criti¬ 
cal  mode  received  less  damping  than  expected  for  the  corresponding  nominal 
dsign.  The  pole  loci  with  parameter  variations  are,  however,  gratifyingly 
similar  to  those  designed  with  the  nominal  model. 

Evaluation  with  the  full-order  perturbed  model,  consisting  of  all  12 
perturbed  modes,  produced  results  similar  to  those  shown  by  Figures  4-10  and 
4-1!  for  the  full-order  nominal  model.  In  comparison  with  spillover,  parameter 
variation  has  very  little  effect. 
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4.6.3  Robustness  to  Noncollocation  of  Sensors  with  Actuators 


A  design  with  noncollocation  of  sensors  and  actuators  was  evaluated. 

The  sensors  used  were  those  on  members  7,  8,  9,  and  10;  the  actuators  those 
on  members  9,  10,  11,  and  12.  The  design  model  consisted  of  modes  1,  2,  4, 
and  5.  Figure  4-13  displays  the  joint  effect  of  noncollocation  and  parameter 
variation,  with  the  truth  model  consisting  of  modes  1,  2,  4,  and  5  of  the 
perturbed  structural  model.  The  effect  of  parameter  variation  is  much  worse 
than  with  collocated  sensors  and  actuators,  although  stability  is  still  robust. 
The  hook  in  the  second  mode’s  path  is  especially  surprising.  Much  more  sur¬ 
prising,  though,  is  the  devastating  effect  of  spillover  with  noncollocation. 

An  expanded  view  of  the  twelve-mode  nominal- truth-model  pole  loci  is  shown 
in  Figure  4-14.  All  of  the  designs  could  cause  instabilities.  Only  the  locus 
of  the  lowest-f requency  mode  showed  any  similarity  to  what  was  designed. 
Apparently,  for  sensors  and  actuators,  togetherness  is  very  much  desirable 
if  the  gain  matrix  G  is  to  satisfy  only  Eq.  (4-11)  or  (4-12).  Closed-loop 

stability  can  still  be  ensured  without  collocating  sensors  with  actuators 
if  the  gain  matrix  satisfies  another  condition  (see  Section  3,  particularly 
Subsection  3.7.5). 


4 . 7  Velocity  and  Displacement  Output  Feedback  Control 

As  a  separate  research  effort,  the  moda.l-dashpot  design  philosophy 
is  extended  to  achieve  the  following:  (a)  increase  in  both  the  damping  and 
frequency  of  selected  modes  for  more  effective  control,  (b)  integrated 
control  of  elastic  and  rigid  body  modes,  and,  in  particular,  (c)  full-order 
closed- Loop  system  asymptotic  stability  and  its  robustness  to  modal  trun¬ 
cation  and  to  parameter  variation.  The  technique  encompasses  "modal  springs" 
as  well  as  modal  dashpots. 

As  before,  assume  that  large  space  structures  are  approximated  by 
Eq.  (4-1).  It  is  not  unrealistic  to  assume  that  elastic  modes  have  some 
positive  inherent  damping,  finite  or  infinitesimal.  According  to  a  standard 
structural  engineer's  practice,  Eq .  (4-2),  the  modal  form  of  Eq.  (4-1),  is 
therefore  augmented  as 

i]  +  2Zi.'n  +  i’*"n  =  u  (4-21) 

F 

where  Z  denotes  the  diagonal  matrix  of  inherent  damping  ratios  c;^,  and  ii 
the  diagonal  matrix  of  natural  frequencies  <.k  . 

To  control  all  the  L  modes  represented  by  Eq.  (4-3)  is  impractical, 
since  the  number  L  is  very  large  in  general.  The  design  of  output  feedback 
controllers  based  only  on  primary  modes  which  include  all  of  the  rigid- 
body  modes  (m^  =  0)  and  the  critical  elastic  modes  is  discussed  here.  In 

other  words,  the  controller  design  model  is  obtained  from  Eq.  (4-3)  by 
truncating  all  but  these  primary  modes.  Denote  the  primary  modes  by  P  and 
the  residual  modes  by  R.  Then  the  matrices  involved  in  Eq .  (4-3)  can  be 
partitioned  as  follows 
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2Z  Q 


2Z  ft  - 

block-diag  {2Z^p,2ZRftR} 

(4-22) 

ft2 

2  2 

■  block-diag  (ftp,ftR) 

(4-23) 

*  -  [*p.V 

(4-24) 

T  T  T 

n  ■  tnp,nR] 

(4-24) 

Furthermore,  let  C  denote  the  critical  elastic  modes, 
the  following  refinements 

Then  we  have 

2¥p 

=  block-diag  {0,2Z  ft  } 

L  L 

(4-26) 

nP 

=  block-diag  {0,ft2} 

L 

(4-27) 

Consider  the  following  velocity  and  displacement  output  feedback 

control 


(4-28) 

“d  =  _GDyD 

(4-29) 

where  and  yQ  represent  outputs  from  velocity  sensors  and  displacement 
sensors,  i.e. 


yv 


D 


C  q 

VH 

(4-30) 

V 

(4-31) 

partitioning  the  actuator-influence  matrix  appropriately  yields  the  fol¬ 
lowing  expression  of  the  force  applied  to  the  structure 


£  -  Bf,u  -  [By  Bd) 


V 


Bv“v  +  bd"b  <4-32) 


Substituting  Eq.  (4-28)  through  (4-32)  in  Eq .  (4-21)  we  get 

n  +  (2zn  +  *TD%)n  +  (ft2  +  4>TK*$)n  =  0 


(4-33) 
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where 


»*  -  BvVv  (4'34) 

K*  4  BDGDCr,  (4-35) 

Thus,  feedback  of  outputs  from  velocity  and  displacement  sensors  will  re¬ 
sult  in  additional  "damping"  and  "stiffness"  for  the  structure. 


In  his  stability  analysis  of  the  resulting  closed-loop  system, 
Canavin  [1]  considered  the  presence  of  rigid  modes  a  difficult  technical 
issue.  He  thought  that  such  modes  would  "have  to  be  eliminated"  by  sep¬ 
arate  attitude  control  and  station-keeping  control.  Another  approach, 
which  he  used  in  order  to  proceed  his  stability  analysis,  was  to  assume 
the  rigid  modes  to  be  ignorable  coordinates,  and  thus  displacement  feed¬ 
back  "must  be  eliminated"  [1].  His  problem  was  essentially  the  fear  that 

2  T  * 

the  augmented  stiffness  matrix  {A  +  $  K  <J> )  "may  not  be  positive  definite 

for  the  stability  tests"  [1].  His  problem  is  now  resolved  in  what  follows 

by  proper  design  of  the  displacement  output  feedback  control.  The  problem 

considered  here  is  to  design  the  gain  matrices  G,,  and  based  only  on  the 

V  D 


primary  modes  but  to  achieve  the  three  design  objectives  stated  above. 

X  * 

These  will  be  achieved  if  both  the  augmented  damping  matrix  (2551  +  $  D  ) 

2  T  * 

and  the  stiffness  matrix  (U  +  (t>  K  <t> )  in  Eq.  (4-33)  are  positive  definite. 

2 

Note  that  matrix  A  and  matrix  product  ZU  are  nonnegative  definite  but  singu¬ 
lar  whenever  rigid  modes  and  undamped  modes  ate  not  excluded  from  consider¬ 
ation,  as  shown  by  Eq.  (4-26)  and  (4-27).  Also  note  that  both  the.  additional 

X  *  X  * 

damping  matrix  '!>  D  •!>  and  the  additional  stiffness  matrix  K  <*>  are  always  singu¬ 
lar,  since  the  dimension  of  realistic  LSS  is  always  greater  than  the  number 
of  sensors  or  actuators.  Therefore,  asymptotic  stability  of  the  full-order 
closed- loop  system  Eq .  (4-33)  does  not  follow  automatically  from  an  arbi¬ 
trary  design  of  matrices  G  and  G  .  A  special  design  technique  that  can 
T  *  '  ,  2  U  T  *  . 

make  both  (255;  +  ■!  D  i )  and  (Q  +  ♦  E  i>)  symmetric  and  positive  definite 


is  presented  in  the  following  subsection-  The  resulting  controllers  also 
will  be  robust  to  modal  truncation  and  to  parameter  variation.  This  tech¬ 
nique  represents  an  improvement  over  previous  work  [1,  13-16]. 


4 . 8  Modal  S prings  and  Modal  Dashpots;  POCL  Stability  and  Robustness 

according  to  Theorems  2A  and  2B  in  Section  3.3,  desirable  designs 
for  ensuring  full-order  closed-loop  asymptotic  stability  are  those  gain 


matrices  G 

and  ( 

1^  such 

that 

(a) 

Both 

* 

D  and 

•k 

K  are  symmetric  and 

nonnegative 

definite . 

(b) 

Both 

(2V'p 

T  *  2 

+  T  ,-D  '!■  )  and  (tt  + 
r  r 

*PK*4’P)  are 

positive  definite 
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Among  many  possible  ways  to  design  the  gains  and  to  satisfy  these 

conditions,  the  design  as  modal  dashpots  and  "modal  springs"  will  prove  to 
be  the  simplest  and  the  most  reliable  in  both  full-order  closed-loop 
(FOCL)  asymptotic  stability  and  its  robustness.  As  an  extension  of  the 
concept  of  modal  dashpots  which  add  damping  to  individual  primary  modes 
independently,  modal  springs  increase  stiffness  of  individual  modes  inde¬ 
pendently.  In  other  words,  through  modal  springs,  rigid  modes  can  become 
elastic  modes  with  desirable  natural  frequencies  and  elastic  primary  modes 
can  have  their  natural  frequencies  shifted  towards  desirable  higher  values. 
Let  ftp  denote  the  diagonal  matrix  of  desired  closed-loop  natural  frequencies 

for  the  primary  modes,  and  Zp  the  diagonal  matrix  of  desired  closed-loop 

damping  ratios.  Then,  to  design  the  feedback  controllers  as  modal  das!  "s 
and  modal  springs  is  to  compute  the  feedback  gains  Gy  and  such  that 


*pbvgvVp  =  2Zpnp  ■  2ZP^P 


4>pbdgdcd(I,p  _  nP  “  nP 


(4-36) 

(4-37) 


are  satisfied  respectively.  The  following  two  theorems  we  have  recently 
established  will  provide  concrete  theoretical  foundations  for  the  attractive 
stability  and  robustness  properties  modal  dashpots  and  modal  springs  pos¬ 
sess  . 


Theorem  1  (FOCL  Asymptotic  Stability):  Assume  that 

T 

(a)  each  sensor  is  collocated  with  a  force  actuator:  Cy  ■  By, 


(b)  the  ranks  of  i^By  and  <t>pBD  are  all  equal  to  the  number  of 
primary  modes,  and 

(c)  the  primary  modes  include  all  rigid  modes  and  all  undamped  modes. 


Let  p  denote  the  number  of  primary  modes.  Then  the  full-order  closed-loop 
system  Eq.  (4-33)  is  asymptotically  stable  if  the  gain  matrices  Gy  and  G^ 
are  computed  as  follows 


(^Bv)T^X($PBV)Tfl 


-1  T 

p]  <CDV 


(^BD)T^PBD($PBD)Trl 


Ep[<  C„*p)TL* 


D.p]'1(cD$p) 


(4-38) 

T 


(4-39) 


where  A*  and  E*  are  two  arbitrary  p  x  p  positive  definite  diagonal  matrices 

representing  additional  damping  and  stiffness,  respectively,  desirable  for 
the  primary  modes. 
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T  T 

Proof:  First  of  all,  because  of  assumptions  (a)  and  (b),  and 

- —  P  V  r  U 

have  right  inverses  and  Cy<5>p  and  C^i>p  have  left  inverses.  Hence  the  right 

sides  of  Eq.  (4-38)  and  (4-39)  are  well  defined  by  pseudo- inverses.  Now 
observe  that  G  and  G  thus  defined  are  symmetric  and  nonnegative  definite 

by  assumptions.  Consequently  D  and  K  as  defined  by  Eq.  (4-34),  (4-35),  (4-38), 
and  (4-39)  are  symmetric  and  nonnegative  definite.  Furthermore,  the  matrix  sums 

2Zpfip  +  $jD%p  =  2ZpQp  +  A* 

2  T  *  2  * 

ftp  +  $pK  $p  -  ftp  +  l'p 

are  all  positive  definite.  Finally,  because  of  assumption  (c),  it  follows 
from  Theorems  2A  and  2B  in  Subsection  3.3  that  the  full-order  closed-loop 
system  Eq.  (4-33)  is  asymptotically  stable. 

Since  feedback  controllers  as  defined  by  Eq.  (4-38)  and  (4-39)  are 
based  primary  modes  only,  the  asymptotic  stability  of  full-order  closed-loop 
system  implies  that  such  a  design  is  robust  to  modal  truncation  so  far  as 
full-order  closed-loop  (FOCL)  asymptotic  stability  is  concerned. 

Under  some  reasonably  weak  conditions,  such  a  controller  design  is 
also  robust  in  FOCL  asymptotic  stability  to  parameter  variations  or  errors 
in  mass,  damping,  or  stiffness  matrices.  Useful  basic  conclusions  can  be 
obtained  by  interpreting  the  Corollaries  3A  and  3B  in  Subsection  3.4.  Re¬ 
call  that  the  group  of  nominal  modes  which  are  considered  undamped  modes 
is  denoted  by  subscript  E  while  the  group  which  are  considered  rigid  modes 
is  denoted  by  subscript  E' . 

Theorem  2  (Robustness  of  FOCL  Asymptotic  Stability):  Assume  that  the  gain 
matrices  G^  and  G^  are  defined  by  Eq .  (4-38)  and  (4-39)  respectively,  and 

that  assumptions  (a)  through  (c)  of  Theorem  1  are  satisfied.  Then  the 
FOCL  system  Eq.  (4-33)  remains  asymptotically  stable  in  the  presence  of 
parameter  variations  or  errors  if 

(a) 

(b) 

(c) 


(d) 


the  number  of  undamped  modes  does  not  increase, 

the  number  of  rigid  modes  does  not  increase, 

the  undamped-mode  shapes  remain  in  the  space  spanned  by 
those  of  the  nominal  model,  i.e. 

(?)  =  (t>  r 

SE  EE 

for  some  nonsingular  matrix  T„,  and 

the  rigid-mode  shapes  remain  in  the  space  spanned  by  those 
of  the  nominal  mode,  i.e. 
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for  some  nonsingular  matrix  r_,  ,  where  <5>  denotes  the  E- 

E  E 

portion  of  the  nominal  modal  matrix  <t> .  and  4>  the  corresponding 

E 

E-portion  of  the  modal  matrix  $  (having  parameter  variations  or 

errors);  ,  and  $1,  denote  the  E'-portion  of  $  and  5”,  respectively. 
E  E 


A  couple  of  numerical  examples  have  clearly  indicated  the  possibility 
of  such  attractive  stability  and  robustness  properties  (see  Refs.  1,  14 »  15, 
and  Subsection  4.6  of  this  report),  but  neither  analytical  proof  nor  clear 
formulation  of  enabling  conditions  has  been  given  before.  Even  in  his 
stability  analysis,  Canavin  [1]  stopped  short  of  proving  that  the  specific 
gain  matrix  as  defined  by  Eq.  (4-38)  for  modal  dashpots  could  satisfy  the 
stability  criteria  he  developed;  he  only  mentioned  that  the  stability  cri¬ 
teria  involved  a  check  for  nonnegative  definiteness  of  a  certain  (rather  am¬ 
biguous)  reduced  matrix.  These  Theorems  1  and  2,  though  very  simple  and 
intuitively  apparent  (as  the  properties  of  modal  dashpots  have  been  demon¬ 
strated  by  various  numerical  examples),  are  the  first  such  concrete  state¬ 
ments  (with  a  simple  but  rigorous  proof)  concerning  the  original  Canavin' s 
form  of  modal  dashpots  and  our  direct  extension  to  modal  springs.  For  FOCL 
asymptotic  stability  and  robustness  properties  of  general-form  reduced-order 
output  feedback  control  (including  modal  dashpots  and  modal  springs  in 
their  general  forms),  the  reader  is  referred  to  Section  3  of  this  report 
and  Subsection  6.2  of  Ref.  4.  Note,  in  particular,  that  collocation  of 
sensors  with  actuators  is  very  desirable  but  not  necessary  for  FOCL  asymptotic 
stability  and  its  robustness  (see  Subsection  3.7.5  of  this  report). 


4 . 9  A  Numerical  Example 


To  demonstrate  that  the  proposed  design  technique  can  achieve  the 
three  objectives  stated  in  the  beginning  of  Subsection  4.7,  consider  a  free- 
free  beam  [17).  The  open-loop  5-mode  representation  for  a  beam  10  meters 
long  with  a  constant  mass  distribution  of  15  kilograms/meter,  and  a  constant 

3  3 

structural  rigidity  of  11,820  kilogram-meter  /second  is  given  by 


n ,  +  2  c  .  w  .  r, .  +  co  .  n  .  = 

l  ill  li 


T 

<t>  .B  u 
i  F 


where 


=  w 2  =  0, 


=  6.28  rad/s,  in. 


33.94  rad/s 


=  42  =  0 


i  =  1.....5 

(4-40) 


17.13  rad/s 
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and  it  is  assumed  that 


4,  *  4.  *  4,  =  0.005 

3  4  5 

There  is  one  force  actuator  collocated  with  a  sensor  providing  both  velocity 
and  displacement  data  at  points  1,  4,  8  and  9  meters  from  the  left  end  of 

T 

the  beam.  The  corresponding  control  influence  matrix  $  B  is 

r 


“  0.0211 
-0.0292 
0.0227 
0.0096 
.-0.0022 


0.0211 

-0.0073 

-0.0219 

-0.0204 

0.0138 


0.0211 

0.0219 

0.0041 

0.0168 

-0.0271 


0.0211' 

0.02^2 

0.0227 

-0.0096 

-0.0022 


The  transpose  of  this  matrix  is  also  the  velocity  and  displacement  measure¬ 
ment  matrices,  C^4>  and  0^$. 

Assume  that  rigid-body  modes  np,  02 »  and  the  first  bending  mode  are 

to  be  controlled  with  these  four  pairs  of  sensors  and  actuators.  Therefore 
n1 ,  02*  and  represent  primary  modes  with  and  being  residual  modes. 

Also  assume  that  the  desired  frequencies  for  the  primary  modes  are  0.1,  0.5, 
and  8.28  radians/second,  respectively,  and  their  damping  ratios  are  all  0.707. 

*  * 

Then  let  the  matrices  Ap  and  £p  of  (4-38)  and  (4-39)  be  given  by 

A*  =  diag  {0.1414,  0.707,  11.645}  ,  2*  =  diag  {0.01,  0.25,  29.12} 

Computing  the  velocity  and  displacement  feedback  gain  matrices  according  to 
Eq .  (4-38)  and  (4-39),  we  have 


2.348E+3 

-3.281E+3 

-5.631E+2 

1. 564E+3 

-3.281E+3 

5.271E+3 

7.604E+2 

-2.620E+3 

-5.631E+2 

7.604E+2 

1 .783E+2 

-2.994E+2 

1.564E+3 

-2.620E+3 

-2.994E+2 

1 . 399E+3 

5.450E+3 

-8.359E+3 

-1.240E+3 

4. 154E+3 

-8.359E+3 

1.303E+4 

1 .872E+3 

-6.536E+3 

-1 .240E+3 

1 .872E+3 

2.902E+2 

-9.  167E+2 

4.154E+3 

-6.536E+3 

-9.167E+2 

3.301 E+3 

With  these  feedback  gains,  clcsed-loop  poles  of  the  nominal  free-free 
beam  are  given  as  Case  1  in  Table  4-1.  For  the  controller  design  model  con¬ 
sisting  of  only  the  three  primary  modes,  the  desired  frequencies  and  damping 
ratios  are  achieved  precisely.  In  the  evaluation  model  Eq.  (4-40)  consisting 
of  primary  and  residual  modes,  the  rigid-body  modes  remain  controlled  as  de¬ 
sired  whereas  the  first  bending  mode  is  shifted  from  the  design  frequency  and 
damping  ratio  by  no  more  than  4%.  All  modes  are  asymptotically  stable,  indi¬ 
cating  that  the  control  design  is  robust  to  modal  truncation. 
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Table  4-1. 


Numerical  results  on  a  free-free  beam  with 
modal  dashpots  and  modal  springs. 


Caae  1.  Nominal 

Opeu-loop  frequencies:  0,  0,  6.28,  17.31,  33.94 
Closed-loop  poles  -  Design  Model 


No. 

Real 

Imaginary 

u 

4 

1,2 

-7.07  £-2 

+7. 07 E-2 

0.1 

0,707 

3.4 

-3.54  E-l 

+3.54E-1 

0.5 

0.  707 

5.6 

-5.86 

+5.86 

8.28 

0.707 

Closed- 

-loop  poles  — —  Evaluation  Model 

No. 

Real 

Imaginary 

(u 

4 

1,2 

-7.07E-2 

+7.07  E-2 

0.1 

0.707 

3.4 

-3.54  E-l 

+3.54  E-l 

0.5 

0.707 

5.6 

-6.19 

+5.96 

8,59 

0.720 

7.8 

-7.76E-1 

+1.68E+1 

16.8 

0.046 

9,10 

-5 . 52  E-l 

+3. 38 E+l 

33.8 

0.016 

Case  2 .  Senaor/Actuator  Location  Shift 


Open- 

loop  frequencies:  0,  0, 

6.28,  17. 

31,  33.94 

Closed -loop  poles - Design 

Model 

No. 

Resl 

Imaginary 

u 

4 

1.2 

-7.07 e-2 

+7.07  E-2 

0.1 

0.707 

3,4 

-3,00  E-l 

+  5 , 55  E-l 

0,63 

0.475 

5,6 

-3.35 

+6,63 

7.43 

0.451 

Closed-loop  poles  — -  Evaluation  Model 

No. 

Real 

Imaginary 

u 

4 

1.2 

-7 .07  E-2 

+7.07  e-2 

0.1 

0.707 

3,4 

-3. 00 E-l 

+5.54 E-l 

0.63 

0.476 

5.6 

-3.37 

+6.71 

7.51 

0.449 

7,8 

-1.64E-1 

+1.73  E+l 

17.3 

0.0095 

9,10 

-2.26 

+  3.36E+1 

33.68 

0.067 

Case 

3.  Mass  Reduction 

Open* 

-loop  frequencies:  0,  0, 

7.02,  19 

,35,  37.95 

Open- 

-loop  poles 

-  Design  Model 

No. 

Real 

Imaginary 

<e 

4 

1,2 

-1.10E-1 

+5.85  E-2 

U  .125 

0,885 

3,4 

-5.52E-1 

+2.93  E-l 

0.625 

o,883 

5,6 

-9.13 

+  3.37 

9.  73 

0.938 

Closed-loop  poles  -  --  Evaluation  Model 

No. 

Real 

Imaginary 

u> 

4 

1.2 

-1 . 11 E-l 

+5 .85  E-2 

0.125 

0.885 

3,4 

-5.52 E-l 

+2.93E-1 

0.625 

0.883 

5,6 

-1.01E+1 

+2.13 

10.32 

0.979 

7,8 

-8. 32 E-l 

+1.85  E+l 

18.52 

0.045 

9,10 

-7 . 14  E-l 

+3.77  E+| 

37.7 

0.019 

Case  4.  Rltldlty  Reduction 

Open-loop  frequencies;  0,  0,  4.44,  12.24,  24.0 

Clused-loop  poles  -  Design  Model 


No. 

Real 

Imaginary 

u 

4 

1,2 

-7.07  E-2 

+7.07 E-2 

0.1 

0.707 

3,4 

-3. 54 E-l 

+3.54 E-l 

0.5 

0.707 

5,6 

-5.85 

+3.83 

6.99 

0.837 

Closed' 

-loop  polea  -  Evaluation  Model 

No. 

Real 

Imaginary 

u 

4 

1,2 

-7.07E-2 

+7.07 E-2 

0.1 

0,707 

3,4 

-3.54  E-l 

+3.54 E-l 

0.5 

0.707 

5,6 

-6.40 

+3.73 

7.4 

0.864 

7,8 

-5.61 E-l 

+1.1?E+1 

11.7 

0.048 

9,10 

-4.65  E-l 

+2.38  E+l 

23.8 

0.020 

Case  5.  Beam  Length  Reduction 

Open-loop  frequencies:  0,  0,  7.58,  20.90,  40.99 


Closed-loop  polea 

1  -  Design 

Modal 

No. 

Real 

Imaginary 

u 

4 

1,2 

-8.66 

+5.06 

10.3 

0.8634 

3 

-7. 09  E-2 

4 

-3.54  E-l 

5 

-3.46  E+l 

6 

-2.12E+2 

Closed' 

-loop  poles 

1  —  Evaluation  Model 

No. 

Real 

Imaginary 

4 

1,2 

-4.63  E-l 

+9.73 

9.74 

0.048 

3,4 

-1.09  E-l 

+2.09  E+l 

20.9 

0.005 

5 

-7.09  E-2 

6 

-3.54E-1 

7 

-4.11 

8 

-3.44E+1 

9 

-2.12  E+2 

10 

-6. 80  £+2 

I 


4-19 


1 


The  other  cases  reported  in  Table  4-1  indicate  that  the  proposed 
design  technique  is  also  robust  to  parameter  errors  or  variations,  namely, 
that  the  closed-loop  system  with  the  same  feedback  gains  remains  asymptotically 
stable  under  four  different  types  of  system  perturbations,  as  briefly  discussed 
below. 

Case  2.  The  first  sensor/actuator  pair  is  relocated  from  1  me-er  to 
2  meters  measured  from  the  left  end  of  the  beam  while  feedback  gains  remain 
unchanged.  The  effect  of  this  type  of  perturbation  appears  in  the  first 
T 

column  4>  B  .  Note  that  the  fourth  mode  (a  residual  mode)  becomes  less  damped. 

r 

Case  3.  The  mass  per  unit  length  is  reduced  to  80%  of  its  original 
value.  Therefore  all  open-loop  bending  frequencies  increase  and  matrix 
T 

<t>  Bp  is  perturbed.  Note  that  closed-loop  frequencies  and  the  primary-mode 
damping  ratios  are  all  increased. 

Case  4.  The  structural  rigidity  is  reduced  to  50%  of  the  original 
value.  As  a  result,  open-loop  bending  frequencies  decrease  whereas  matrix 
T 

<t>  Bp  remains  unchanged.  In  this  case,  the  closed-loop  poles  of  rigid-body 

modes  are  not  perturbed  at  all,  as  expected.  The  damping  ratios  for  all  bending 
modes  are  increased. 

Case  5.  A  length  of  0.9  meter  is  cut  off  from  the  right  end  of  the 
beam.  This  results  in  an  increase  of  all  open-loop  pending  frequencies  and 

T 

drastic  changes  in  all  elements  of  $  B„.  Note  that  the  damping  of  all 

r 

closed-loop  modes  is  increased  due  to  large  increases  in  either  frequency  or 
damping  ratio. 

4.10  Conclusion 

4.10.1  Bi-Objective  Pareto  Optimization  of  Modal-Dashpot  Design 

Two  practical  objectives  underlie  the  modal-dashpot  design  of  vibration 
controllers  for  large  flexible  space  structures:  to  provide  as  much  primary¬ 
mode  damping  as  possible,  but  to  require  feedback  gains  as  small  as  possible. 

From  this  brief  review  of  an  initial  attempt  to  refine  Canavin's  modal-dashpot 
controllers  using  Pareto  optimization,  we  conclude  that  multi-objective  opti¬ 
mization  (e.g.,  by  the  methods  of  PEC  or  PIC)  is  a  promising  design  tool.  In 
particular,  a  weighted  sum  of  damping  ratios  is  a  useful  expression  for  addition¬ 
al  multiple  pole-movement  objectives  provided  that  the  critical-mode  damping 
ratios  are  pre-weighted  to  offset  sensor  and  actuator  influences,  and  the 
upper  bounds  are  imposed  to  prevent  artificial  inflation  of  the  objective 'by 
overdamped  modes.  The  ISSI  weights  are  reasonable  for  the  case  of  collocated 
sensors  and  actuators. 

Comparison  with  Canavin’s  computational  method  is  a  little  unfair.  For 
Instance,  the  computation  of  the  feedback  gain  matrix,  unlike  Canavin's  design 
technique,  does  not  require  the  complication  of  pseudo-inversion  of  singular 
matrices:  it  is  automatic  and  systematic  in  the  optimization  program.  The 

free  parameters  associated  with  the  singular  matrices  are  automatically  used 
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to  optimize  the  design.  Each  gain  matrix  computed  is  Pareto  optimal  with 
respect  to  the  two  objectives  considered.  Efficient  trade-off  curves  and  pole 
loci  are  generated  for  making  systematic  tradeoff  between  Pareto-optimal 
designs. 

A  12-mode  tetrahedral  model  of  large  space  structure  was  used  as  an 
example.  Pareto  optimal  designs  of  modal  dashpots  were  sequentially  generated 
by  the  bi-objective  optimizer.  The  resulting  designs  were  then  examined  for 
their  robustness  to  model  parameter  variation  and  spillover.  For  all  designs 
with  velocity  sensors  collocated  with  force  actuators,  robustness  of  stability 
to  parameter  variation  and  to  spillover  was  clearly  demonstrated.  The  damping 
performance  is  relatively  insensitive  to  parameter  variation  and  to  spillover; 
however,  the  sensitivity  rapidly  increases  as  the  desired  level  of  critical¬ 
mode  damping  increases.  In  other  words,  modal  dashpots  can  theoretically  be 
designed  to  provide  any  desired  level  of  damping  to  the  critical  vibration 
modes.  In  practice,  however,  only  low  designed  levels  of  modal  damping  can 
be  closely  achieved  due  to  such  sensitivity  to  parameter  variation  and  spill¬ 
over. 


When  the  sensors  and  actuators  are  not  all  collocated,  stability  and 
damping  performance  are  also  relatively  insensitive  to  parameter  variation. 
However,  spillover  causes  all  the  corresponding  designs  to  destabilize  the. 
originally  stable  structure;  at  least  half  of  the  resultant  closed-loop  poles 
have  positive  real  parts.  Destabilization  by  modal  dashpots,  which  were  also 
referred  to  as  "robust  controllers",  has  not  been  demonstrated  before.  Conse¬ 
quently,  collocation  of  sensors  with  actuators  is  very  much  desirable  for 
the  robustness  of  modal  dashpots  when  used  as  vibration  dampers  for  realistic 
large  space  structures,  unless  an  additional  condition  is  imposed  on  the 
design. 

4.10.2  Modal  Dashpots  and  Modal  Springs,  Closed-Loop  Asymptotic  Stability 
and  Robustness 

The  modal  dashpot  design  philosophy  has  been  extended  to  form  the 
similar  modal-spring  design  concept.  An  integrated  use  of  modal  dashpots  and 
modal  springs  can  achieve  (a)  increases  in  both  the  damping  and  the  frequency  of 
selected  modes  (including  rigid-body  modes)  for  effective  control,  (b)  integrated 
control  of  elastic  and  rigid-body  modes,  and  (c)  asymptotic  stability  and  ro¬ 
bustness  of  the  resulting  full-order  closed-loop  system. 

The  asymptotic  stability  and  robustness  properties  of  modal  dashpots  and 
modal  springs,  which  have  been  separately  demonstrated  numerically  by  several 
researchers  at  Draper  and  elsewhere,  have  now  been  proved  rigorously  and 
analytically  with  the  enabling  conditions  precisely  stated.  Such  intuitively 
"trivial"  and  appealing  results,  namely,  the  Theorems  1  and  2  in  Subsection  4.9 
also  apply  to  modal  dashpots  alone  and  therefore  provide  concrete  theoretical 
foundations  to  Canavin's  original  concept  of  modal  dashpots,  as  well. 

A  5-mode  model  of  a  free-free  beam  was  used  to  demonstrate  numerically 
the  design  and  integrated  use  of  modal  dashpots  and  modal  springs.  Four 
different  kinds  of  parameter  variations  were  also  simulated.  The  full-order 
closed-loop  asymptotic  stability  and  robustness  properties  were  convincingly 
demonstrated . 
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4.10.3  Concluding  Remarks 


Research  results  reported  here  were  obtained  from  two  separate  initial 
efforts,  which  can  be  synergistic  when  they  are  combined.  The  concrete 
theoretical  results  justify  and  encourage  continued  pursuit  for  improved 
computational  methods  for  designing  modal  dashpots  and  modal  springs.  On 
the  other  hand,  the  bi-objective  modal-dashpot  design  optimization  algorithm 
can  be  easily  extended  to  optimize  the  design  of  modal  springs.  In  fact,  in 
a  similar  manner,  multi-objective  optimization  methods  can  be  applied  to 
optimize  the  joint  design  of  modal  dashpots  and  modal  springs,  taking  more 
than  two  pressing  design  objectives  into  account,  if  necessary. 
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'  « 


Figure  4-11.  Pole  loci  of  12-mode  truth  model  (expanded). 


»le  loci  of  12-mode  troch  model  with  none oil oca t ion 
ixpanded) . 
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SECTION  5 


SPILLOVER  PREVENTION  VIA 
PROPER  SYNTHESIS/PLACEMENT  OF 
ACTUATORS  AND  SENSORS 


5.1  Introduction 


Control  spillover  and  observation  spillover  can  occur  in  the 
control  of  large  space  structures  when  low-dimensional  reduced-order 
mathematical  models  are  used  as  the  design  basis  for  determining  co-troi 
inputs.  Such  a  controller  presumes  that  only  the  state  of  the  reduced- 
order  model  is  controlled  and  that  only  the  state  is  sensed.  However, 
when  the  controller  is  Implemented  on  the  large  space  structure,  it 
will  excite  and  observe  the  unmodeled  dynamics  of  the  structure  as 
well.  Many  researchers  have  demonstrated  with  various  examples  that  the 
structure  can  be  destabilized  by  such  a  controller,  contrary  to  the 
original  design  objective,  because  of  control  spillover  and  observation 
spillover. 

The  control  actuators  (sensors)  can  be  synthesized  through 
proper  amplifications  and  combinations  of  their  influences  so  that 
spillover  will  not  exist  for  most  influential  uncontrolled  modes  of 
vibration.  The  necessary  steps  in  synthesizing  the  actuator  (sensor) 
influences  (finding  the  interconnecting  gains)  have  been  Implemented  on 
a  computer  program  which  is  explained  in  this  section.  The  underlying 
principle  of  synthesis,  finding  vectors  in  the  nullspace  of  matrices,  is 
extended  to  answer  the  question  of  how  actuators  (sensors)  should  be 
placed  on  large  space  structures  to  prevent  spillover  to  (from)  all  un¬ 
controlled  modes.  Proper  placement  of  actuators  and  sensors  and  proper 
synthesis  of  their  influences  so  as  to  prevent  spillover  regardless  of 
how  a  control  is  designed  are  the  main  objectives  in  this  study. 

Numerical  results  from  various  applications  of  the  synthesis 
program  on  two  representative  models  of  large  space  structures  are 
reported  here. 

5 . 2  The  Nature  of  Spillover 

Flexible  space  structures  are  obviously  continuous  systems  which 
have  an  infinite  number  of  modes  of  vibration.  When  these  modes  are 
excited  by  some  external  or  internal  disturbance  they  will  have  to  be 
quickly  damped  for  the  space  structure  to  execute  its  stringent  mission. 
Because  the  damping  in  these  structures  is  inherently  very  light,  active  ' 
control  of  vibrations  is  generally  considered  necessary. 

The  frequencies  and  modes  of  vibration  of  a  large  space  structure 
are  studied  by  modeling  the  structure  with  the  finite-element  method. 
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In  the  model  the  structure  has  a  finite  number  of  degrees  of  freedom,  and 
for  the  particular  numerical  models  in  this  study,  the  mass  of  the 
structure  is  lumped  at  the  degrees  of  freedom  yielding  a  diagonal  mass 
matrix. 

The  finite  element  modal  representation  is  already  a  reduced- 
order  model  of  the  infinite-dimensional  structure,  yet  one  cannot 
reasonably  expect  to  actively  control  even  all  of  fhe  modes  calculated 
because  of  the  limited  computer  capability  on  board  space  structures 
and  many  other  practical  reasons.  Thus  the  designer  is  forced  to 
choose  from  the  computed  modes  a  small  subset  which  has  the  greatest 
impact  on  the  structure's  performance,  including  those  elastic  modes 
which  are  critical  to  line-of-sight  accuracy,  and  then  design  a  con¬ 
troller  to  adequately  damp  these  modes.  The  vibration  modes  selected  for 
control  will  be  labeled  primary  (P>  modes,  while  the  remaining  modes  in 
the  finite-element  model  will  be  designated  residual  (R)  modes,  as  usual. 

Mathematically,  this  means  that  the  standard  finite  element  modal 
representation  has  been  divided  into  a  primary  and  a  residual  part. 


np  +  2zpnpnp  +  fiphp  «  $pBpu 

(5-1) 

riR  +  2ZRftRf|R  +  &RnR  *  4>RBpu 

(5-2) 

SVp  +  cvV>p  +  cdVr  +  S  Vr 

(5-3) 

The  control  input  u  is  designed  with  only  the  primary  modes  taken  into 
account  whose  dynamics  represent  a  reuuced-order  model.  Observe,  how¬ 
ever,  that  the  control  u  acts  also  as  an  input  to  the  residual  modes 
T 

through  the  <J>  B  u  term  in  Eq.  (5-2)  to  which  the  name  control  spillover 
R  F 

has  been  attached.  This  term  means  that  control  energy  intended  for  the 
primary  modes  spills  over  and  excites  the  residual  modes.  Observation 
spillover,  a  dual  effect  to  control  spillover,  can  be  identified  in  th? 
observation  Eq.  (5-3)  through  the  terms  Cp^rip  and  Cy$>RnR. 

represent  contamination  of  the  observations  of  primary  modes  by  the 
residual  modes.  The  combination  of  the  control  and  observation  spillover 
has  been  shown  to  cause  closed-loop  instability  in  the  control  of  a 
structure.  Now  the  designer  is  confronted  not  only  with  the  task  of 
controlling  primary  modes  but  also  with  the  requirements  that  either  the 
control  inputs  not  force  the  residual  modes  or  the  sensors  not  observe 
the  residual  dynamics.  The  discussion  that  follows  will  explore  methods 
by  which  control  and  observation  spillover  can  be  prevented  for  all 
control  inputs  and  observation  outputs.  Because  observation  is  the  dual 
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of  control,  the  focus  of  the  methods  In  this  report  will  be  on  the 
prevention  of  control  spillover.  These  techniques  can  be  dualized  for 
the  prevention  of  observation  spillover. 

5 . 3  Prevention  of  Spillover  via  Synthesis  of  Actuator  Influences 

When  actuators  have  been  placed  on  a  flexible  structure  for 
vibration  control,  some  means  will  be  needed  to  make  all  of  the  terms 

T 

of  the  spillover  influence  matrix,  <l>  Bp,  as  close  to  zero  as  possible. 

T 

One  way  to  effect  the  desired  change  In  4>^Bp  is  to  introduce  a  matrix 
T  such  that 


4rV  -  0 


(5-4) 


T  is  an  m  x  m'  matrix  whose  columns  obviously  must  be  in  the  nullspace  of 
T 

Physically  this  means  that  each  of  the  mT  control  inputs  will  direct 

the  m  existent  actuators  through  gains  corresponding  to  the  values  in  the 
appropriate  column  of  T.  In  other  words,  from  the  m  physical  actuators, 
we  form  m*  synthetic  actuators  whose  influences  Bp  are  given  by 


B 


» 

F 


V 


(5-5) 


The  matrix  V  is  to  be  found  so  that  spillover  is  prevented  to  as  many  non¬ 
primary  modes  as  possible  if  not  all  of  them. 

5.3.1  A  Practical  Consequence  of  Synthesis 

Recall  that  the  dimension  of  the  nullspace  of  r  x  m  matrix 

is 


null  *  m  -  rank  (5-6) 


T 

Generally  r  >>  m  so  the  rank  of  $^Bp  is  virtually  always  m,  which  implies  that 

the  dimension  of  the  nullity  is  virtually  always  zero.  To  get  around  this 
impasse,  the  designer  should  select  from  the  residual  modes  a  subset  to  which 
spillover  is  particularly  important  to  prevent,  and  designate  those  modes  as 
secondary  (S)  modes.  The  selection  of  secondary  modes  is  a  challenging  prob¬ 
lem,  and  one  that  will  not  be  addressed  here. 
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The  modal  equation  for  the  secondary  modes  is  of  course 


n„  + 


,7-sVs  + 


o 


Tb 

Vfu 


(5-7) 


The  nonprimary  modes  which  are  of  interest  but  are  not  selected  as 
secondary  modes  will  be  called  tertiary  (T)  modes. 

5.3.2  Synthesis  Equations 

The  designer  can  now  focus  on  the  primary  and  secondary  parts  of 
the  model  which  are  of  some  reasonable  size  and  attempt  to  calculate  a 
synthesizer  T  such  that: 

$gBpr  *  0  (5-8) 

for  spillover  prevention  and 

$jBpr  *  0  (5-9) 


for  adequate  control, 

Theorem  4  of  Reference  1  (or  Subsection  2  of  Reference  2)  provides 
a  method  for  finding  a  F  to  alleviate  spillover.  If 


p  =  rank  ($gBp)  <  a  *  1  (5-10) 

then 

r  =  (~QiwnIwi2  +  q2)  r  (5_11) 


where 


P  (*gBF)Q 


(5-12) 


withP,  Q,  and  being  nonsingular  matrices,  and  Wjj  having  rank  p, 
and  P  being  arbitrary.  Consequently 


W  * 


( — v  u  ~^w 
1  1  11  12 


+  v2)r 


A 

is  nonzero  for  nonzero  T,  where 


V 


(5-13) 


(5-14) 


5.3.3  Mathematical  Concept  Used  for  Finding  Synthesizers 

The  essential  manipulations  to  arrive  at  the  terms  in  Eqs.  (5-10) 
through  (5-14)  have  been  translated  into  FORTRAN  source  code  for 
numerical  applications  to  large  space  structures.  The  fundamental 
mathematical  concept  used  in  the  computer  program  is  Gaussian  elimination 
with  complete  pivoting  for  which  the  following  holds 

(*SB?)  eliminated  "  P  (^f)  Q 


where  F,  a  permutation  matrix,  is  the  product  of  appropriate  elementary 

T 

matrices  that  perform  row  exchanges  on  B_,,  and  Q  is  the  product  of 

b  r 

elementary  matrices  that  either  perform  column  exchanges  or  multiply  one 
column  by  a  constant  and  add  it  to  another  column. 

The  desirable  form  of  the  eliminated  matrix  is  lower  triangular 
with  ones  on  the  main  diagonal.  This  form  insures  that  will  be 

identically  zerc  and  Eqs.  (5-11)  and  (5-13)  will  be  greatly  simplified. 

»T* 

The  number  of  ones  on  the  diagonal  will  indicate  the  rank  cf  4^B  . 

S  r 

When  is  identically  zero,  the  synthesizer  becomes 

r  =  Q2r  (5-15) 


*  Note  that  the  rank  p  is  a  by-product  of  the  Gaussian  elimination 
process.  The  synthesis  procedure  does  not  require  that  the  rank  be 
calculated  as  the  first  step  or  that  it  be  determined  with  great 
precision  (see  Subsection  5.5). 
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and  the  control  influence  matrix  is  simply 

<$lFr  -  V2f  (5-16) 

T 

Some  desirable  values  or  properties  for  $pBpF  may  aid  in  the  final  selection 

of  elements  for  F,  The  problem  of  obtaining  a  proper  control  influence 

matrix,  will  not  be  pursued  in  this  report, 

i  F 

5 . 4  A  Computer  Program  to  implement  Synthesis  via  Gausglan  Elimination 

The  computer  software  designed  for  synthesis  requires  that  the  portion 

T 

of  the  control  influence  matrix  $  Bp  that  is  of  interest  be  partitioned  and 
rearranged  as  follows 


The  program  then  proceeds  to  perform  various  manipulations  (Subsection 
5.4.1)  on  this  matrix  and  on  the  Pp,  Pg  and  Q  matrices  which  are  initially 

set  to  be  identity  matrices  of  appropriate  dimension  such  that 


5.4.1  The  Elimination  Procedure 


The  program  begins  Gaussian  elimination  with  complete  pivoting  in 

the  secondary  (S)  partition,  where  only  terms  in  this  upper  partition  are 

examined  for  potential  pivots.  The  row  exchange  required  to  bring  a  row 

with  a  pivot  to  the  proper  position  is  repeated  in  the  P  matrix.  The 

s 

possible  column  exchange  to  put  the  pivot  in  its  final  position  and  the 
ensuing  column  multiplications/additions  necessary  for  elimination  apply 
to  the  entire  matrix,  and  are  repeated  in  the  Q  matrix. 

The  elimination  will  continue  until  it  reaches  either  the  last 
column  of  the  matrix,  or  the  bottom  c-f  the  primary  (P).  partition,  or  the 
point  in  the  primary  partition  where  every  potential  pivot  is  below  a 
preset  tolerance.  The  elimination  is  forbidden  to  proceed  into  the 
tertiary  (T)  partition. 

If  while  eliminating  in  the  secondary  partition,  the  largest  possible 
pivot  in  that  partition  is  smaller  than  the  preset  tolerance,  the  algorithm 
will  jump  to  the  primary  partition  and  resume  the  elimination  process  in 
the  same  column  where  it  had  stopped  in  the  secondary  partition.  During 
elimination  in  the  primary  partition,  pivots  come  exclusively  from  that 
partition  and  row  exchanges  are  represented  by  the  primary  permutation 
matrix,  Pp. 

5.4.2  Features  of  the  Elimination  Algorithm 

Originally,  the  elimination  process  was  to  have  used  partial  pivoting 
(as  in  Section  2  of  Reference  2)  to  arrive  at  the  terms  in  the  synthesis 
equations.  If  while  using  partial  pivoting,  a  row  was  encountered  all  of 
whose  potential  pivots  were  smaller  than  the  tolerance,  that  row  would  be 
transferred  to  the  bottom  of  its  partition  and  the  elimination  would  resume 
with  the  next  available  row.  This  process  would  insure  that  the  search 
for  independent  tows  could  continue  throughout  the  entire  matrix  of  interest; 
otherwise,  the  elimination  process  would  halt  whenever  a  row  with  very  small 
terms  was  encountered  without  regard  to  later  rows  which  could  possibly  be 
eliminated.  Complete  pivoting,  on  the  other  hand,  brings  the  largest 
possible  element  to  the  pivot  position  by  row  and  column  exchanges  which 
are  simple  to  implement  in  a  program  and  will  produce  the  same  results  as 
the  more  complicated  partial  pivoting  scheme  described  above. 

The  computer  program  developed  for  handling  high-dimensional  numerical 
models  of  the  large  space  structures  stores  all  matrices  as  one-dimensional 
double  precision  arrays.  The  use  of  one-dimensional  arrays  as  opposed  to  the 
more  natural  two-dimensional  arrays  will  save  greatly  on  storage;  however, 
that  savings  may  be  offset  by  both  the  added  calculations  needed  to 
determine  the  position  of  an  element  in  its  matrix,  and  the  extra  challenges 
the  use  of  one-dimensional  arrays  pose  to  the  software  designer. 
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The  program  will  output  all  the  matrices  of  Eq.  (5-17)  with  the 
user  providing  only  the  matrix  to  be  eliminated  (properly  partitioned  and 
rearranged),  the  number  of  rows  and  columns  in  the  matrix,  and  the  number 
of  rows  in  the  secondary  and  primary  partitions  as  input. 

The  algorithm  has  been  successfully  applied  to  matrices  as  small 
as  12  x  4  and  as  large  as  84  x  85.  The  only  work  Involved  in  adapting 
the  algorithm  to  matrices  of  various  dimensions  involves  the  wise 
consuming  task  of  I/O  alterations.  Converting  the  software  to  a  language 
that  would  allow  more  flexibility  in  I/O  would  be  helpful. 

5.5  Application  of  Synthesis  Concept  to  Numerical  Models  of  Large 
Space  Structures 

Once  the  program  has  produced  its  results  in  the  form  of  the 
eliminated  matrix,  the  Pg  matrix,  the  Pp  matrix,  and  the  Q  matrix,  the 

designer  then  has  the  means  to  check  if  the  rank  condition  of  Eq.  (5-10) 
is  satisfied,  and  then  either  proceed  to  find  a  synthesizer,  T,  or  try 
another  group  of  secondary  modes  that  will  satisfy  the  rank  condition. 

The  synthesis  concept  will  be  demonstrated  on  two  representative 
large  space  structure  models.  Draper  Models  1  and  2. 

5.5.1  Draper  'Tetrahedral)  Model  1 

Synthesis  will  first  be  demonstrated  on  the  Draper  tetrahedral 
model  which  is  described  in  Appendix  A  of  Reference  2.  In  Section  2  of 
Reference  2  we  learn  that  the  minimum  number  of  physical  actuators  needed 
for  complete  controllability  of  the  primary  modes  as  well  as  the  alleviation 
of  control  spillover  to  the  secondary  modes  is: 


m 


rank($gBp)  +  max {multiplicity  of  u>p^} 


(5-18) 


where  m  is  the  number  of  actuators  placed  on  the  structure.  For  the 
tetrahedron  the  maximum  multiplicity  of  the  primary  natural  frequencies 

T 

is  1  so:  m  >  p  +  1  where  p  is  the  rank  of  $  B  .  Because  synthesis 

or 

presumes  the  m  actuators  have  already  been  placed  on  the  structure,  the 
equation  is  more  meaningful  for  our  purpose  when  written  with  the  unknown 
on  the  left 


p  <  ra  -  1 


(5-19) 


Therefore,  the  same  rank  condition,  (5-10),  applies.  Condition  (5-19) 
implies  that  the  placement  of  more  actuators  on  the  structure  would  allow 
prevention  of  spillover  to  more  secondary  modes. 
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The  12-degree-c  f -freedom  tetrahedral  model  haa  eight  known  modes; 
four  (numbers  1,  2,  4,  and  5)  are  chosen  as  primary  modes  and  the  remain¬ 
ing  four  are  designated  secondary  modes  as  in  Section  2  of  Reference  2. 

Figure  1  (at  the  end  of  this  section)  shows  the  Gaussian  eliminated 
T 

matrix  $  Bp  partitioned  into  secondary  and  primary  parts.  Clearly  the  rank 

condition  is  satisfied  (p  *»  4  <  5) .  Tne  results  Indicate  that  six  actuators 
can  be  controlled  as  one  or  two  independent  synthetic  acturtors  without 
spillover  to  the  four  secondary  modes.  For  completing  the  synthesis  (i.e., 
computing  the  matrices  f  and  T)  see  Section  2  of  Reference  2  for  illustration. 

5.5.2  Draper  Model  2 

The  algorithm  has  also  been  applied  to  the  432-degree-of-freedom 
Draper  Model  2  which  is  described  in  Section  9  of  Reference  3.  This 
large  space  structure  model  has  84  degrees  of  freedom  with  maas  or 
rotational  inertia  and  39  control  actuators. 

For  a  first  synthesis  example,  the  lowest  44  elastic  modes  of 
vibration  are  used,  and  17  of  them  are  considered  primary  modes.  While 
all  the  primary  natural  frequencies  are  unique,  a  primary  mode  and  a 
nonprimary  mode  (modes  12  and  13)  have  nearly  identical  natural  frequen¬ 
cies.  So,  according  to  Appendix  B  of  Reference  4,  the  maximum  multi¬ 
plicity  of  the  primary  natural  frequencies  should  be  considered  two  in 
condition  (5-18).  Thus  with  m  being  19  for  Model  2,  the  rank  condition 
for  both  controllability  and  spillover  prevention  is 


P  <  17 


(5-20) 


For  demonstration,  all  27  nonprimary  elastic  modes  have  been  chosen 
as  secondary  modes,  and  the  elimination  result  Is  shown  in  Figure  2.  The 

T 

rank  of  spillover  influence  matrix,  B  ,  is  clearly  19,  and  even  the  rank 

5  r 

condition  (5-10)  is  not  satisfied.  Notice  that  rows  21,  22,  26,  and  27  of 
the  eliminated  matrix  are  extremely  small  (they  fall  below  the  tolerance 

T 

for  the  pivots)  and  are  essentially  zero.  Consider  repartitioning  4>  B^,  so 

that  che  secondary  partition  would  include  the  original  rows  that  formed 
the  fi.st  17  rows  of  the  previous  eliminated  matrix  plus  these  four  rows 
that  were  noted  to  be  very  small  after  the  previous  elimination.  The 
tertiary  partition  would  include  the  six  remaining  modes.  The  algorithm 

T 

would  then  show  the  new  21  x  19  matrix  $  B_  to  have  a  rank  of  17;  even  the 

b  F 

rank  condition  (5-20)  would  then  be  satisfied  and  spillover  to  21  modes  could 
be  prevented  with  two  independent  synthetic  actuators  for  complete  control 
of  the  primary  modes. 

A  second  synthesis  example  has  the  elastic  part  of  the  control 
influence  matrix  partitioned  into  17  primary  modes  as  before,  17  secondary 
modes  (selected  because  of  high  "degree  of  modal  controllability"),  and 
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ten  tertiary  nodes  (not  selected  as  secondary  nodes  because  of  lew 
"degree  of  nodal  controllability") .  The  Gaussian  elinlnation  result 
is  shown  in  Figure  3.  Observe  that  all  of  the  potential  pivots  in  the 

T 

last  row  of  the  elininated  matrix  were  below  the  tolerance,  so  the 

elimination  resumed  in  the  appropriate  column  of  the  primary  partition. 

The  rank  of  the  upper  (secondary)  partition  is  16,  so  one  could  success¬ 
fully  calculate  e  17  x  1  synthesizer  T  to  prevent  spillover  to  the  17 
secondary  nodes,  with  negligibly  small  spillover  to  the  10  tertiary  modes. 

5 , 6  Extension  of  Synthesis  Techniques  to  the  Prevention  of  Spillover  by 
Proper  Placement  of  Actuators 

While  discussing  the  principle  of  synthesis  in  Section  5.3,  one  may 
have  wondered  why  an  actuator  influence  matrix  Bp  was  not  chosen  initially 
so  that 


(5-21) 


for  all  nonprimary  modes.  These  last  sections  will  examine  the  possibilities 
of  placing  actuators  on  a  structure  to  yield  an  influence  matrix  so  that 
all  spillover  is  prevented. 

Specifically,  Theorems  1,  2,  and  4  of  Reference  1  will  be  reformulated 
to  account  for  the  practical  dif.  culties  in  placing  actuators  on  structures 
to  prevent  spillover.  These  placement  reformulations  will  then  be  demon¬ 
strated  on  Models  1  and  2. 

5.6.1  Use  of  the  Synthesis  Algorithm  for  Realizing  Ideal  Placement 

Hopefully  one  could  find  physically  realizable  positions  at  nodes 
or  along  structural  members  for  actuators  to  control  primary  modes  vithout 
any  control  spillover.  One  approach  to  finding  an  influence  matrix  to 
prevent  all  spillover  is  that  of  Theorem  1  of  Reference  1 


Bp  =  M4>pB 


(5-22) 


What  this  ideal  placement  requires  are  vectors  (to  form  columns  of  matrix  B) 
each  of  which  is  in  the  nullspace  of  those  L-3  rows  (or  L-6  rows  when  the 
actuator  is  between  two  nodes)  of  M't’p  which  correspond  to  the  nodes  not  in 

contact  with  the  specific  actuator  to  be  placed,  where  L  denotes  the  total 
number  of  modes.  One  can  now  begin  to  realize  how  the  algorithm  described 
earlier  can  be  used  for  this  actuator  placement  problem.  Those  rows  of 


1M>  corresponding  to  the  degrees  of  freedom  not  to  be  influenced  directly 

by  an  actuator  will  be  lumped  together  to  form  the  "secondary"  partition 
of  M4>pt  while  the  "primary"  partition  refers  to  the  degrees  of  freedom 

directly  influenced  by  the  actuator,  hence 

K>s  1 


[‘"Vp  j 

Once  again  a  rank  condition 

rankt  (M4>p)sl  <  number  of  columns  in  (M$p)s 

must  be  satisfied. 

The  algorithm  was  first  applied  to  the  properly  arranged  and  parti¬ 
tioned  12  x  A  matrix  Mi^  of  Model  1  (i.e.,  the  tetrahedral  model)  in  an 

attempt  to  place  an  actuator  at  node  A.  The  rank  of  the  9  x  A  secondary  parti¬ 
tion  of  M4>p  was  found  to  be  four  as  shown  in  Figure  A.  This  same  procedure 

wc*  repeated  in  an  attempt  to  place  an  actuacor  at  node  1,  node  2,  and  node  3, 
respectively.  The  result  was  always  the  same;  the  rank  of  the  3  x  A  (M<tp)s  was 

four  each  time,  and  such  placement  could  not  prevevit  spillover.  Further, 
attempts  to  place  an  actuator  connecting  a  pair  of  nodes  to  prevent  spill¬ 
over  failed,  no  matter  what  pair  was  chosen,  because  the  rank  of  the  6  x  A 
secondary  partition  of  was  aga.rn  always  four 

l'hese  remits  is.iply  that  all  spillover  can  be  prevented  only  when  an 
actuator  influences  at  least  three  nodes,  and  not  just  one  node  or  a  pair 
of  nodes  as  was  structurally  desired.  One  way  of  physically  interpreting 
this  rev  kind  of  placement  is  to  think  of  an  actuator  appropriately  placed 
at  each  of  three  nodes,  yet  all  are  controlled  simultaneously  by  the  same 
input.  This  type  of  actuator  will  be  called  a  superactuator. 

5.6.2  Superactuators  and  a  Reformulation  of  the  Placement  Problem 

The  problem  of  having  to  place  actuators  at  substantially  more  than 
L-3  (or  L-6)  degrees  of  freedom  has  led  to  a  convenient  mathematical  formu¬ 
lation  for  the  superactuator  according  to  Theorems  1,  2,  or  A  of  Reference  1. 
Indeed,  Theorem  ?.  of  Reference  1  presents  a  necessary  and  sufficient  condi¬ 
tion  for  the  actuator  influence  matrix,  B^,  so  the  results  of  using  Theorems  1 

and  A  should  agree  with  those  using  Theorem  2  by  at  least  some  linear  trans¬ 
formation. 

The  main  idea  is  to  consider  each  superactuator  as  some  combination 
of  "elementary  actuators"  placed  at  a  sufficient  number  of  nodes,  where  an 
elementary  actuator  refers  to  any  actuator  that  Influences  only  one  degree 
of  freedom.  In  other  words 


where  F  denotes  tha  influence  matrix  computed  for  the  superactuators ,  E 

is  an  L  x  J  matrix  indicating  which  degrees  of  freedom  will  be  influenced, 
and  F  denotes  the  combination  coefficients  to  be  determined,  where  J 
denotes  the  number  of  degrees  of  freedom  that  will  have  nonzero  influences. 
The  only  nonzero  term  in  each  column  of  the  matrix  E  is  a  "1"  corresponding 
to  a  degree  of  freedom  to  be  influenced  by  an  actuator. 

5. 6. 2.1  Theorem  1  and  Model  1 


The  ideal  actuator  placement,  expressed  by  Eq.  (5-221  according  to 
Theorem  1 ,  can  be  re-expressed  as 


M$pB  -  EF 


(5-24) 


using  Eq.  (5-23),  and  hence 


(5-25) 


Once  again  the  algorithm  for  solving  Eq.  (5-4)  can  be  used  to  solve 
this  problem.  The  matrices  B  and  F  can  be  determined  like  Eq.  (5-15)  as 


(5-26) 


where  ^  "  and  denote  the  appropriate  parts  of  the  matrix  Q  resulting 

*:r  * 

from  applying  the  Gaussian  elimination  algorithm  on  the  augmented  matrix 


[M*p,  -E], 


If  need  be,  the  number  of  columns  E  can  be  increased  to  insure  that 
the  rank  condition  is  satisfied,  which  physically  means  that  the  number  of 
degrees  of  freedom  to  be  influenced  by  actuators  is  increased. 

For  Model  1,  the  augmented  matrix  is  shown  in  Figure  5(a).  The 
nine  l's  of  the  E  matrix  indicate  that  nine  degrees  of  freedom  will  be  in¬ 
fluenced  by  actuators.  The  matrix  after  the  Gaussian  elimination  is  shown  in 
Figure  5(b).  The  resulting  Q2  matrix  used  in  Eq.  (5-26)  is  shown  in  Figure  6. 


Later,  the  Q2p  partition  ae  shown  In  Figure  6  will  be  coopered  with  similar 
results  from  the  Theorem-2  and  Theorem-4  superactuator  approaches. 

5.6.2 .2  Theorem  2  and  Model  1 

The  formulation  of  the  superactuator  placement  problem  according 
to  Theorem  2  of  Reference  1  proceeds  as  follows  with  all  residual  modes 

T 

considered  secondary  modes.  Perform  Gaussian  elimination  on  matrix 
first 

twr  0]  -  (5-27) 

partition  the  resulting  matrix  Q  correspondingly 

Q  -  (Qj.  Q2]  (5-28) 

then  represent  the  superactuator  influence  matrix  as 

Bp  -  Q2B  (5-29) 


Combining  with  Eq.  (5-23),  it  is  rewritten  as 

Q2B  -  EF 

or  equivalently 


(5-30) 


(5-31) 


Observe  that  Eq.  (5-31)  is  similar  to  (5-25).  Thus  the  computation  of  B 
and  F  from  Eq.  (5-31)  collows  the  same  procedure  as  described  before. 

Notice  the  same  notation  Q2  has  a  different  meaning  in  a  different  context, 

because  the  same  general  algorithm  is  used  to  solve  different  problems  of 
tne  same  form  as  Eq.  (5-8). 


5-13 


For  Model  1  with  the  name  £  matrix  as  before,  the  resulting  matrix 
Q2  and  its  partitions  Q2*  and  Q2F  are  shown  in  Figure  7.  Observe  that  Q2p 

in  Figure  6  with  the  Theorem-1  approach  can  be  postmul tipi led  by  1.283  to 
yield  the  Q 2F  in  Figure  7  with  the  Theorem-2  approach. 

5 . 6 . 2 . 3  Theorem  4  and  Model  1 

Theorem  4  is  of  course  the  synthesis  procedure  described  in  Sec¬ 
tion  5.3,  with  all  residual  modes  considered  as  secondary  modes.  For  the 
placement  application,  the  actuator  influence  matrix  that  is  presumed  is 
simply  the  E  matrix  used  previously.  In  other  words,  letting  all  residual 
modes  be  secondary  modes  we  have 

(5-32) 

where  the  goal  is  to  find  a  matrix  F  such  that 

»JeF  -  0  (5-33) 


T 

as  in  Eq .  (5-8).  After  performing  Gaussian  elimination  on  <t>  E,  the  solu- 

K 

tion  F  can  be  computed  from  the  resulting  Q2  matrix  as  follows 


F  -  Q2  T  (5-34) 


This  Q2  matrix  for  Model  1  Is  shown  in  Figure  8,  and  is  seen  to  be 
exactly  the  Q„  obtained  using  the  Thecrem-2  approach. 

4F 

To  summarize,  results  for  M.  '’el  1  from  the  three  superactuator  formu¬ 
lations  (Theorems  1,  2  and  4)  confirm  that  control  spillover  can  be  pre¬ 
vented  to  all  the  nonprimary  raodeB  of  the  tetrahedral  model  if  the  nine 
elementary  actuators  at  three  nodes  (nine  degrees.,  of  freedom)  are  simul¬ 
taneously  controlled  by  the  same  input. 

5 . 6 , 2 . 4  Superactuator  Placement  Problem  and  Model  2 

The  superactuator  placement  schemes  discussed  in  Sections  5. 6. 2.1 
through  5. 6. 2. 3  and  represented  by  the  E  matrix  are  convenient  for  application 
to  higher-dimensional  large  space  structures.  In  this  subsection,  appli¬ 
cations  to  Model  2  are  demonstrated.  This  model  is  represented  by  an 
84  x  84  modal  matrix,  corresponding  to  the  84  degrees  of  freedom  with  non¬ 
zero  mass  or  inertia.  The  numerical  model  has  17  primary  elastic  modes  and 
67  nonprimary  modes  which  include  the  six  rigid  body  modes. 


5-14 


The  E  matrix,  which  is  84  x  68,  represents  unit  actuators  influ¬ 
encing  68  degrees  of  freedom.  The  specific  degrees  of  freedom  selected 
are  listed  in  Figure  9. 

The  formulations  with  respect  to  Theorems  1,  2,  and  4  can  now  be 
applied  separately  to  Model  2  just  as  they  were  to  Model  1.  The  resulting 
Q2  matrices  are  shown  in  Figures  10,  11,  and  12.  The  resulting  from 

the  Theorem- 1  approach  and  that  from  the  Theorem-2  approach  and  the 

from  the  Theorem-4  approach  are  all  68  x  4  matrices  of  rank  4  and  are  found 
to  be  related  by  nonsingular  transformations.  Figure  13  showns  the  trans¬ 
formation  T12  relating  the  Q2J,  from  the  Theorem-1  approach  to  the  Q2f<  of 

the  Theorem-2  approach,  and  the  transformation  T^2  relating  the  0^  of  the 

Theorem-4  approach  to  the  Q2p  of  the  Theorem-2  approach. 

These  results,  obtained  from  different  approaches,  all  indicate  that 
four  independent  superactuators,  each  being  a  proper  combination  and  inter¬ 
connection  of  68  elementary  actuators,  can  control  the  17  primary  elastic 
modes  with  no  spillover  to  any  of  the  remaining  61  elastic  modes  and  the 
six  rigid-body  modes. 

Because  all  these  approaches  yield  equivalent  results,  one  must 
question  their  relative  complexity.  A  comparison  of  the  cpu  times  re¬ 
quired  for  Model  2  (Figure  14)  indicates  that  the  Theorem-4  approach  is 
the  most  efficient.  Each  approach  first  requires  the  extraction  of  an 
appropriate  matrix  from  the  computed  432  x  84  modal  matrix.  Specifically, 
only  those  terms  in  the  mode  shapes  that  correspond  to  degrees  of  freedom 
with  nonzero  mass  or  inertia  are  extracted,  and  in  fact  for  the  Theorem-4 
approach  only  a  subset  of  the  mass  degrees  of  freedom  are  extracted. 

These  correspond  to  the  degrees  of  freedom  where  actuators  are  placed. 

The  Theorem-2  approach  requires  elimination  to  be  done  on  the  transposed 
residual  matrix  and  then  the  resulting  Q2  matrix  Is  augmented  by  the  -E 

matrix  as  in  Eq.  (5-31).  Similarly,  for  Theorem  1,  the  primary  modal 
matrix  is  multiplied  b>  the  diagonal  mass  matrix  and  augmented  with  the 
-E  matrix.  All  three  approaches  require  a  final  elimination  to  arrive 
at  the  required  answer.  The  control  system  designer  must  be  aware  that 
the  mode  shapes  become  less  accurate  with  higher  natural  frequency,  and 
should  keep  this  in  mind  when  trying  to  judge  which  approach  is  best  for 
a  particular  application. 

5.7  Conclusion 

This  study  has  demonstrated  two  methods  of  preventing  control 
spillover  on  two  representative  numerical  models  of  large  space  structures. 
The  prevention  of  spillover  to  a  significant  number  of  nonprimary  vibra¬ 
tion  modes  was  shown  to  be  possible  by  proper  synthesis  of  the  influences 
of  actuators  existing  on  a  structure.  The  synthesis  procedure  was  pro¬ 
grammed  in  FORTRAN,  and  successfully  demonstrated  or  Model  1  (the  tetrahe¬ 
dral  model)  and  Model  2.  For  Model  1,  six  actuators  were  properly  combined 
into  two  svnthetic  actuators  for  independent  control  of  four  selected  pri¬ 
mary  modes  and  simultaneous  prevention  ^  '  spillover  to  four  secondary  modes. 
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For  Model  2,  synthesis  of  the  19  member  actuators  was  found  to  prevent 
spillover  to  between  17  and  21  secondary  modes,  depending  on  the  parti¬ 
cular  group  of  uonprimary  modes  selected  as  secondary  modes;  at  least 
two  independent  synthetic  actuators  were  available  for  control  of  the 
primary  modes. 

The  synthesis  progam,  because  of  its  mathematical  generality,  was 
found  to  be  useful  in  reducing  che  number  of  structural  nodes  at  which 
actuators  must  be  placed  for  prevention  of  spillover  to  all  nonprimary 
modes.  However,  the  alleviation  of  all  spillover  in  Model  1  by  only  the 
placement  of  one  actuator  at  one  node,  or  by  the  placement  of  an  actuator 
between  tv/o  nodes  was  found  to  be  impossible.  For  Model  1,  at  least  nine 
elementary  actuators,  each  of  which  is  placed  to  influence  one  degree  of 
freedom  but  all  of  which  are  controlled  simultaneously  by  a  single  input, 
were  required  for  total  spillover  prevention.  This  superactuator  scheme 
using  common  inputs  for  all  elementary  actuators  was  also  implemented  on 
Model  2  where  68  elementary  actuators  controlled  independently  by  as  many 
as  four  common  inputs  (i.e.,  four  superactuators)  was  found  to  inhibit  any 
spillover . 

Three  approaches  to  finding  a  superactuator  for  a  given  structure, 
each  based  on  a  different  theorem  of  spillover  prevention,  were  formulated. 
When  tested  on  Models  1  and  2,  all  approaches  produced  equivalent  results. 
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Figure  5-1. 


T 

The  secondary  and  primary  partitions  of  4>  B_  (of  Model  1) 

F 

after  Gaussian  Elimination. 


5-16 


CO  H 


5-17 


Figure  5-2.  The  secondary  and  primary  partitions  of  the  matrix  $  B. 

(of  Model  2  with  27  secondary  inodes)  after  Gaussian 
Elimination.  Columns  1-10. 
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Gaussian  Elimination.  Columns  1-10. 
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Figure  5-3.  The  secondary,  primary,  and  tertiary  partitions  of  the 

T 

matrix  4>  B,-,  (of  Model  2  with  17  secondary  modes)  after 
F 

Gaussian  Elimination.  Columns  11-19.  (Continued). 
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.  The  secondary  and  primary  partitions  of  M4>p 

(of  Model  1)  after  Gaussian  Elimination. 
Ideal  placement  at  Node  4  is  considered. 


-0.630S4 

1.00577  0.11452  -0.273S7 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

o.o 

0.0 

o. 

0.62702  -0.19330  -0.15311 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0. 

0.0 

-0.39796  -0.00029  -0.68927 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0. 

-0.06214 

0.25260  -0.35192  0.32415 

-1.00000 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0. 

0 .10750 

0.14504  0.60916  0.13712 

0.0 

-1.00000 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0. 

0.0 

0.19513  -0.00014  -0.99378 

0.0 

0.0 

-1.00000 

0.0 

0.0 

0.0 

0.0 

0.0 

0. 

-0.1015? 

0.21951  -0.47756  0.32402 

0.0 

0.0 

0.0 

-1.00000 

0.0 

0.0 

0.0 

0.0 

0. 

0.13335 

0.03325  0.68175  0.14618 

0.0 

0.0 

0.0 

0.0 

-1.00000 

0.0 

0.0 

0.0 

0. 

0.12759 

-0.13455  -0.18315  -0.15142 

0.0 

0.0 

0.0 

0.0 

0.0 

-1.00000 

0.0 

0.0 

0. 

-0.06213 

0.18163  -0.35169  0.28374 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

-1.00000 

0.0 

0. 

0.15312 

0.14849  0.75428  0.20737 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

-1.00000 

0. 

-0.12757 

-0.13457  0.18293  -0.15141 

9.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

-1. 

Figure  5-5(a).  Augumented  matrix  [M$p,  -E]  of  Model  1. 
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from  Thaorem-1  approach. 
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Figure  5-8.  The  resulting  matrix  of  Model 
1  from  Theorem-4  approach. 


25  nodes  (grid  points)  with  nonzero  mass 
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Figure  5-9,  68  DOF  of  Model  2  selected  for  placement  of  68 

elementary  actuators  at  25  nodes  (grid  points) 
with  nonzero  mass,. 
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Figure  5-10.  The  resulting  Q2  matrix 
and  its  partitions  Q01s 

40 

and  of  Model  2  from 
Theorem-1  approach. 
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Figure  5-11.  The  resulting  matrix 
and  its  partitions 
and  Q^p  of  Model  2  from 
Theorem-2  approach. 
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Figure  5-12,  The  resulting  Q2  matrix  of  Model  2 
from  Theorem-4  approach. 
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SECTION  6 


FEEDBACK  CONTROL  OF  ELASTIC  SYSTEMS 
USING  DAMPING  AND  STIFFNESS  AUGMENTATION 


6. 1  Introduction 

A  number  of  methods  have  been  proposed  for  design  of  controllers  for 
elastic  structures.  In  many  cases  the  methods  are  particularly  simple  if 
certain  special  assumptions  are  made,  e.g.,  if  all  sensors  and  actuators  are 
collocated.  Even  though  the  methodology  may  be  applicable  without  such 
assumptions,  this  fact  is  often  not  strongly  emphasized.  Consequently,  the 
generality  of  the  methods  (and  thereby  the  flexibility  allowed  in  application) 
is  not  always  clear. 

Here  we  focus  on  one  particularly  simple  method:  namely,  the 
augmentation  of  system  damping  using  velocity  feedback  and  the  augmentation 
of  system  stiffness  using  displacement  feedback.  Although  some  specialized 
assumptions  are  made,  our  objective  is  to  emphasize  ways  in  which  the  method 
can  be  expanded  to  make  it  more  flexible  in  applications.  We  are  not  able 
to  characterize  the  maximum  attainable  flexibility,  but  we  do  indicate  how 
flexibility  in  the  design  process  can  arise.  Finally,  some  possible 
implications  of  this  flexibility  are  mentioned.  The  results  presented  here 
are  not  new,  but  they  are  viewed  from  a  somewhat  uncommon  perspective. 

6.2  Basic  Equations 

Consider  the  second  order  vector  equation  for  an  elastic  system 

fi  +  Dn  +  fi2n  =  3>tbu  (6-i) 


where  ri  =  (n^, . . .  ,rin)  are  modal  coordinates,  SI  is  an  n  x  n  positive 

definite,  diagonal  modal  stiffness  matrix  of  squares  of  the  natural 
frequencies,  D  is  an  n  x  n  symmetric,  nonnegative  definite  modal  damping 
matrix,  B  is  an  n  x  m  actuator  influence  matrix,  $  is  an  n  x  n  nonsingular 
matrix  whose  columns  are  the  elastic  mode  shapes;  and  the  control  input  is 
u  =  (uj,...,um).  Such  models  arise  from  application  of  finite  element 

methods  to  distributed  elastic  structures  or  from  lumped  elastic  systems. 

We  consider  control  of  the  elastic  modes  by  using  a  feedback 
controller  of  the  form 
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-Gy 
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(6-2) 


where  G  and  G  are  constant  gain  matrices  and  the  modal  displacement  vector 
P  v 

and  modal  velocity  vector  are  given  by 
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where  C  is  a  velocity  sensor  influence  matrix  and  C 
v  p 

sensor  influence  matrix.  Thus  the  closed  loop  system 


is  a  displacement 
is  described  by 
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(6-4) 


Our  fundamental  objective  is  to  choose  the  gain  matrices  G^  and  G^ 

so  that  the  closed  loop  system  described  by  (6-4)  is  asymptotically  stable. 
Moreover,  the  closed  loop  eigenvalues  of  (6-4)  are  of  interest  in  charac¬ 
terizing  the  response  properties  of  (6-4) . 

6.3  Controller  Design 

An  early  approach,  due  to  Canavin  [1,3],  was  to  require  that  only 
velocity  feedback  be  used,  G  *=  0,  and  the  G  be  chosen  to  satisfy  the 
equation  P  V 

D  +  $TBG  C  4>  -  A  (6-5) 

V  V 


where  A  is  a  diagonal  matrix  of  desired  positive  damping  coefficients.  In 
addition,  Canavin  assumed  that,  the  actuators  and  velocity  sensors  are 
collocated,  that  is,  that  the  matrices  B  and  C^  are  related  by  a  scalar 
factor. 

Various  extensions  of  Canavin' s  idea  have  been  proposed;  in 
particular,  any  desired  modal  damping  matrix  A  which  is  symmetric  and 
positive  definite  can  be  chosen,  with  G^  =  0.  The  resulting  closed  loop 

system  (6-4)  is  consequently  asymptotically  stable  [81. 

In  any  event,  the  gain  matrix  is  determined  by  finding  a  solution, 
if  one  exists,  of  the  linear  matrix  equation  (6-5). 

The  approach  suggested  here  is  similar  to  that  suggested  by  Canavin, 
except  that  both  displacement  and  velocity  feedback  arc  used  as  expressed 
in  (6-2).  In  particular,  a  desired  modal  damping  matrix  A  and  a  desired 
modal  stiffness  matrix  K  are  selected;  then  the  velocity  and  displacement 
feedback  gain  matrices  G  and  G  are  chosen  to  satisfy  the  equations 
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($-6) 


D  +  $TBG  C  $  » 
v  v 


fl?  +  $TBG  C  *  =  K  (6-7) 

P  P 


so  that  the  corresponding  closed  loop  system  is 


n  +  An  +  Kn  =  o 


(6-8) 


The  most  important  issue  is  the  proper  selection  of  the  matrices  A  and 
K  so  that:  (a)  the  closed  loop  system  (6-8)  is  asymptotically  stable, 
and  (b)  solutions  do  exist  for  the  linear  equations  (6-6)  and  (6-7). 

We  refer  to  A  as  the  desired  modal  damping  matrix  and  to  K  as  the 
desired  modal  stiffness  matrix,  although  there  is  no  a  priori  reason  to 
assume  that  A  and  K  are  either  symmetric  or  nonnegative  definite. 

We  would  like  to  make  the  weakest  possible  requirement  on  A  and 
K  which  guarantees  asymptotic  stability  of  (6-8).  The  following  result 
is  clear. 

Theorem  6-1.  The  matrices  K  and  A  are  such  that  all  zeros  of  the 
characteristic  polynomial 


det  [s2I  +  As  +  K] 


have  negative  real  part  if  and  only  if  the  solutions  of  (6-8)  are 
asymptotically  stable. 

This  result  is  not  particulary  suitable  for  purposes  of  design  in  that 
individual  conditions  on  K  and  A  are  not  easily  discerned.  A  more 
suitable  result,  for  purposes  of  choosing  A  and  K,  is  the  following 
sufficient  condition  for  asymptotic  stability  of  (6-8). 

Theorem  6-2.  [2,  6]  Assume  K  is  symmetric  and  positive  definite  and  A  is 

nonnegative  definite  (but  not  necessarily  symmetric).  Then  the  solutions 
of  (6-8)  are  asymptotically  stable  if  and  only  if  the  associated  system: 


x  +  A  x  +  Kx  =  0 

ss 

y  =  Agx 


(6-9) 
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is  completely  observable,  where  Ag  and  Agg  are  symmetric  and  skew 
symmetric  matrices,  respectively,  such  that  A  *  Ag  +  Agg. 

Proof :  Using  the  Liapunov  function 


we  obtain 


1  AT; 

2  n  r 


1  T 

+  ±  n  Kn 


dV 

dt 


•  T  • 

-  *  Asn 


For  asymptotic  stability  we  require  that  any  solution  of  (6-8)  satisfy 
the  following: 


if  UTAsn  =  0,  then  ri  =  0 

But  this  condition  is  guaranteed  if  and  only  if  the  stated  observability 
assumption  is  made.  ■ 

There  are  a  number  of  possible  special  cases  of  this  general 
result.  Only  the  following  are  stated. 

Corollary  6-2 . 1  Assume  K  is  symmetric  and  positive  definite  and  Ag  is 

positive  definite  (but  A  is  not  necessarily  symmetric).  Then  the 
solutions  of  (6-8)  are  asymptotically  stable. 

Corollary  6-2.2  [2,  4]  Assume  K  is  symmetric  and  positive  definite  and 

A  is  symmetric  and  nonnegative  definite.  Then  the  solutions  of  (6-8)  are 
asymptotically  stable  if  and  only  if  the  matrix  pair  (K,  A)  is  completely 
observable,  i.e. , 


rank  [Aj  KAj . , . .[  Kn  "''A]  =  n 


Corollary  6-2.2  has  often  formed  the  basis  for  extensions  of 
Canavin's  method;  however  it  seems  desirable  to  use  the  more  general 
result  in  Theorem  6-2  as  basis  for  an  extension.  Namely,  the  modal  damping 
matrix  A  and  the  modal  stiffness  matrix  K  should  be  selected  to  meet  the 
following  requirements: 

A  is  nonnegative  definite  (not  necessarily  symmetric); 
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K  is  symmetric  and  positive  definite; 

the  system  (6-9)  is  completely  observable;  and 

equations  (6-6),  (6-7)  have  solutions. 


Then  it  is  guaranteed  that  gain  matrices  G  and  G  exist  for  which  the 

v  p 

solutions  of  (6-4)  are  asymptotically  stable. 

In  using  active  feedback  control  of  the  form  (6-2),  it  should  be 
recognized  that  the  desired  modal  damping  matrix  need  not  be  symmetric. 
This  is  to  be  contrasted  with  the  case  where  any  inherent  structural 
damping  (such  as  results  from  dashpots)  is  represented  by  a  "symmetric 
damping  matrix",  while  gyroscopic  effects  (such  as  due  to  spinning  wheels 
or  rotors)  result  in  a  "skew  symmetric  damping  matrix".  In  the  case  of 
active  control,  this  physical  interpretation  of  the  symmetric  and  skew 
symmetric  parts  of  the  damping  matrix  need  not  be  valid.  In  using  active 
feedback  control,  the  desired  modal  stiffness  matrix  is  required  to  be 
symmetric,  not  because  inherent  structural  stiffness  has  that  charac¬ 
teristic,  but  due  to  the  fact  that  asymptotic  stability  of  (6-8),  as 
developed  using  the  particular  Liapunov  function  in  Theorem  6-2,  cannot  be 
guaranteed  otherwise.  Although  extra  flexibility  could  be  obtained  by 
allowing  the  desired  modal  stiffness  matrix  to  be  nonsymmetric ,  there 
are  no  available  stability  conditions  for  this  case,  where  the  conditions 
are  in  a  "nice  form"  for  choosing  K  and  A  as  in  Theorem  6-2.  This  avenue 
for  extension  of  design  flexibility  remains  unexplored. 

6.4  Closed  Loop  Eigenvalues 

Since  the  eigenvalues  of  the  closed  loop  system  determine  the 
closed  loop  stability  properties  and  the  response  properties,  it  is 
suit  to  relate  the  choice  of  the  desired  modal  damping  matrix  A  and 
th'  .i  ,-red  modal  stiffness  matrix  K  to  the  closed  loop  eigenvalues.  We 
first  point  out  that  different  choices  of  the  modal  damping  matrix  and 
modal  stiffness  matrix  may  lead  to  closed  loop  systems  with  Identical 
spectrum. 


>  characteristic  equation  of  (6-8)  is  given  by 


det  [s2I  +  sA  +  K]  =  0, 


whose  zeros  are  the  closed  loop  eigenvalues. 

We  now  consider  conditions  under  which  the  choice  of  damping 
matrix  A  and  stiffness  matrix  K,  corresponding  to 


n  +  An  +  Kn  =  o 


(6-10) 
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result  in  Identical  spectrum  as  that  of  (6-8) .  Although  genera]  results 
for  such  a  problem  have  been  developed  in  [5],  we  prefer  to  use  a 
different  parametric  characterization  using  similarity  concepts. 

Theorem  6-3.  Assume  the  eigenvalues  of  (6-8)  are  distinct.  Then  (6-10) 
has  identical  spectrum  with  (6-8)  if  and  only  it  there  is  a  nonsingular 
2n'<2u  matrix 


P 

P 


11 

V, 

21 

P22 

such  that 


Proof :  Verify  that 


~P12K  ~  P21 


P  -  P  A  »  P 
11  12a  22 


"  P22K  =  "  KP11  ~  AP21 


(6 


p2i-p22a  -  -kp12-ap22. 


— * 

— 

— 

*«■ 

— 

— 

P11 

P12 

0 

I 

0 

I 

P11 

P12 

P„, 

-K 

-A 

-K 

-A 

P_„ 

U21 

22_ 

L 

L  21 

22  J 

so  that  the  2nx2n  matrices 


— 

— 

““ 

— 

0 

I 

0 

I 

and 

-K 

-A 

-K 

-A 

are  similar;  hence 


det 


[s2I  + 


As  +  K]  =  det 


[s2I  + 


is  +  K]> 


-11) 
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The  arguments  are  easily  reversed,  since  the  eigenvalues  are  assumed  to 
oe  distinct.  ■ 

It  should  be  recognized,  consistent  with  the  discussion  in  the 
previous  section,  that  the  matrices  A,  A,  K,  and  K  need  be  neither 
symmetric  nor  nonnegative  definite.  Further,  even  if  A  and  K  are 
symmetric  and  nonnegative  definite  a  particular  choice  of  P-q»  P-^,  ^21* 

?22  does  not  imply  that  A  and  K  are  symmetric  and  nonnegative  definite. 

An  interesting  special  case  of  the  above  result  is  obtained  by 
selecting  =  P22  -  P  and  P^2  *  P21  *  °* 

Corollary  6-3.1.  The  spectrum  of  (6-8)  and  the  spectrum  of  (6-10)  are 
identical  if  there  is  nonsingular  n*n  matrix  P  such  that 

A  *  1»_1AP 
K  =  P_1KP. 


Corollary  6-3.1  has  the  Interesting  Interpretation  that  a  necessary 
condition,  but  not  generally  a  sufficient  one,  that  (6-8)  and  (6-10) 
have  identical  spectrum  is  that  matrices  A  and  A  have  identical  spectrum 
and  that  K  and  K  have  identical  spectrum. 

The  linear  algebraic  equations  (6-6) ,  (6-7) ,  with  and  Gp  viewed 

as  unknowns,  may  have  no  solutions  or  many  solutions.  We  do  not  examine 
existence  questions,  but  we  are  interested  in  the  case  of  multiple 
solutions  of  (6-6),  (6-7).  It  has  often  been  assumed  that  the  matrices 
T 

$  B,  C  $,  and  C  $  are  full  rank,  but  this  need  not  be  the  case;  If  these 
v  p 

matrices  are  rank  deficient  then  there  are  many  solutions  of  (6-6), 

(6-7);  that  is,  there  are  many  choices  of  gain  matrices  G  and  G  which 

v  P 

lead  to  identical  modal  damping  and  moda]  stiffness  matrices  A  and  K. 


Theorem  6-4 .  Suppose  that  G^  and  satisfy  equations  (6-6),  (6-7).  Then 
G^  and  G^  also  satisfy  equations  (6-6),  (6-7)  if  and  only  if 


G 

v 


L  +  R 
v  v 


G  =  G  +  L  +  R 
P  P  P  P 


where  matrices  L  ,  L  ,  R  , 
v  p  v 


and  R 

P 


satisfy  the  homogeneous  equations 
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($TB)R  -  0 

v 

(<J>TB)R  -  0 

p 

L  (C  4>)  *  0 

V  V 

L  (C  $)  -  0. 

p  p 


(6-12) 


Finally,  we  combine  the  results  of  Theorem  6-3  and  Theorem  6-4  to 

G 

P 

Gp  lead  to  identical  closed  loop  spectrum. 


obtain  conditions  for  which  different  choices  of  gain  matrices  G  , 
and  G 


Theorem  6-5.  Suppose  that 


and 


■i>TBG  c  <}> 
v  v 

$TBG  C  <t> 
P  P 


4>TBG  C  $ 
v  v 


$TBG  C 
P  P 


A  -  D 

2 

k  -  rr 

a  -  D 

K  -  n2. 


Assume  the  eigenvalues  of  (6-8)  are  distinct.  Then  (6-8)  and  (6-10)  have 
identical  spectrum  if  and  only  if 


G 

v 


r,  +  l  +  r 

v  v 


G  =  G  +  L  +  R 
P  P  P  P 


for  some  nonsingular  matrix 


11 

P12 

21 

P22 
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such  that  A,  A,  K,  K  satisfy  (6-11)  and  Ly,  Rv,  Lp,  Rp  satisfy  (6-12). 

Thus,  it  is  seen  that:  (a)  many  different  choices  of  modal  damping 
and  modal  stiffness  matrices  may  lead  to  identical  closed  loop  spectrum, 
and  (b)  even  for  fixed  modal  damping  and  fixed  modal  stiffnens  matrices, 
there  may  be  many  possible  choices  of  feedback  gain  matrices.  This 
substantial  flexibility  in  determining  feedback  gain  matrices  with  fixed 
closed  loop  spectrum  should  be  recognized  and  exploited. 

6.5  Example. 

The  previous  ideas  have  been  expressed  in  rather  general  terms, 
so  that  it  seems  useful  to  examine  a  simple  example  which  illustrates  in 
concrete  terms  those  general  ideas. 

Consider  two  identical  uncoupled  mass-spring  systems  as  described 
by  the  two  second  order  differential  equations 

Til  +  -  uL 

..  2 

^2  +  =  U2 


where  u^,  u2  are  forces  applied  to  the  respective  masses.  For  purpose  of 
discussion,  the  controller  is  assumed  to  be  of  the  fixed  form  given  by 

•  %  •  • 


ui  =  -g1(n1-n2)  -  82n2  -  K3ni 

^2  *  ”81  g2r'l  ~  83^2 


where  the  gain  constants  g^  g2>  are  to  be  determined  to  stabilize  the 
resulting  closed  loop  system. 

The  closed  loop  system  is  described  by: 


ni 

% 


gl+g3 


_gr82 


-gl+g2 

gl+g3 


• 

nl 

• 

+ 

n2 

w  0 


w 


0 


We  see  that  the  closed  loop  system  Is  asymptotically  stable,  as  a 
consequence  of  Corollary  6-2.1,  if  the  symmetric  part  of  the  modal  damping 
matrix  is  positive  definite,  i.e.,  if 


Si  >  o,  g3  >  0,  (arbitrary  g2) 

But  suppose  that,  a  priori,  we  require  that  *  0;  then  the 

symmetric  part  of  the  modal  damping  matrix  is  always  singular.  If  now 
we  require  that  the  modal  damping  matrix  be  symmetric,  i.e.,  ■  0, 

there  is  no  possible  choice  of  g^  which  can  stabilise  the  closed  loop 

system  [4].  However,  if  we  examine  the  flexibility  obtained  by  not 
imposing  the  symmetry  requirement  on  the  damping  matrix,  we  obtain  that 
the  closed  loop  system  is  asymptotically  stable  if 

81  >  °*  g2  **  °»  (S3  =  °>» 

using  Theorem  6-2.  In  summary,  we  have  shown  that  (with  g3  =  0)  the 

closed  loop  system  cannot  be  stabilized  if  the  modal  damping  matrix  is 
required  to  be  symmetric;  but  it  can  be  stabilized  if  that  symmetry 
requirement  is  eliminated. 

Next,  we  consider  the  flexibility  resulting  from  choosing  the  gain 
constants  g^,  g3,  g3  so  that  the  closed  loop  system  has  fixed  spectrum. 

Note  that  for  any  desired  modal  damping  matrix  A  (with  equal  diagonal 
entries)  the  equation 


gl4g3 

"grg2 


-gl+g2 

8l+83 


=  A 


has  a  unique  solution.  However,  applying  the  results  of  Corollary  6-3.1, 
recognizing  that  the  particular  matrix  K  in  this  case  commutes  with  any 
2><2  matrix  P,  it  follows  that  the  closed  loop  spectrum  is  unchanged  if 
82*  S3  are  determined  from 


8l+83 

-gl+g2 

-grg2 

gl+g3 

P-1AP 
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for  any  nonsingular  2x2  matrix  P.  This  flexibility  is  easily  exhibited 
by  making  the  special  choice  that 


with  eigenvalues  1  and  3.  With  this  choice  the  closed  loop  system  is 
asymptotically  stable.  And  any  gains  satisfying  the  above  condition  for 
some  P  will  correspond  to  a  closed  loop  system  with  identical  closed 
loop  spectrum.  Using  the  result  of  Corollary  6-3.1  stated  in  terms  of  the 
characteristic  polynomial  for  A  we  obtain  the  more  transparent  condition 
that 

2 

(s  -  «1  -  g3)  -  (-gx  -  g2)(-g1  +  g2)  =  (s  -  i)(s  -  3) 


which  is  satisfied  if 

2(g1  +  g>3)  =  4 

281?3  +  g3  +  82  a  3. 

In  summary,  we  have  shown  that  for  any  gain  constants  g^,  g^,  g3 

satisfying  the  above  conditions,  of  which  there  are  an  infinite  number 
of  possibilities,  the  closed  loop  system  is  asymptotically  stable,  with 
fixed  spectrum  given  by  the  zeros  of 


6. 6  Conclusions 

We  have  pointed  out  that  in  augmenting  the  system  damping  and 
stiffness  through  velocity  and  displacement  feedback  there  is  no  need  to 
require  that  the  desired  modal  dan',  ing  matrix  (or  even  the  desired  nodal 
stiffness  matrix)  be  either  symmetric  or  nonnegative  definite.  In  Cact, 
as  illustrated  by  the  simple  example,  addition  of  a  skew-symmetric  part 
of  a  damping  matrix  may  be  sufficient  to  stabilize  the  closed  loop 
system.  This  extra  flexibility  in  choosing  the  modal  damping  and  modal 
stiffness  matrix  in  extending  Canavin’s  design  approach  should  be  exploited. 


In  addition,  we  have  pointed  out  that  (typically)  there  may  be 
many  choices  of  feedback  gain  matrices  which  have  identical  closed  loop 
spectrum.  This  flexibility  may  occur  with  different  sets  of  damping  and 
stiffness  matrices.  Such  flexibility  may  also  arise  due  to  rank  defi¬ 
ciencies  in  certain  system  matrices.  In  all  such  cases,  there  are  many 
closed  loop  feedback  gains  leading  to  identical  closed  loop  spectrum. 

It  is  not  clear  how  this  design  flexibility  can  be  exploited  to 
practical  advantage  in  the  design  process.  But  several  possibilities  can 
be  mentioned.  A  more  flexible  choice  of  desired  damping  and  stiffness 
matrices  may  allow  "easier"  choice  of  a  stabilizing  feedback  controller 
or  may  result  in  smaller  feedback  gains.  A  more  flexible  choice  of 
particular  feedback  gains  may  also  allow  choice  based  on  reduction  of 
the  magnitude  of  feedback  gains  [7].  Moreover,  the  approach  suggested 
here  in  no  way  recuires  that  sensors  and  actuators  be  collocated.  In 
addition,  the  flexibility  might  allow  a  choice  based  on  reduction  of 
control  or  observation  spillover  (for  any  ignored  modes)  [8]. 


The  objective  of  this  section  has  been  to  emphasize  the  existence 
of  design  flexibility  in  augmenting  system  damping  and  stiffness  using 
velocity  and  position  feedback.  We  have  pointed  out  that,  apparently,  a 
great  deal  of  flexibility  does  exist.  We  have  not  completely  character¬ 
ized  that  flexibility,  nor  have  we  determined  how  that  flexibility  can  be 
meaningfully  used.  Such  issues  require  additional  research. 
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SECTION  7 


OUTPUT  FEEDBACK  STABILIZABILITY 


7. 1  Introduction 

7.1.1  Motivation 

A  closed-loop  control  system  incorporating  only  static  output  feed¬ 
back  operates  under  two  significant  constraints.  First,  information  about  the 
system  at  any  instant  is  obtained  from  current  measurements  of  only  those 
state  variables  that  can  be  physically  measured.  In  particular,  no  process¬ 
ing  of  the  available  information  to  estimate  unmeasurable  state  variables  is 
done.  Current  measurements,  of  measurable  states  are  not  stored  for  future 
use,  and  the  inevitable  delay  in  their  processing  is  not  accounted  for  in  the 
mathematical  model  of  the  system.  State  (i.e.,  full-state)  feedback  is  evi¬ 
dently  a  special  case  of  output  (i.e.,  incomplete-state)  feedback.  Second, 
the  feedback  path  contains  no  (modeled)  dynamic  elements  as  compensators. 

Static  feedback  may  be  viewed  as  dynamic  feedback  of  zero  older.  These  con¬ 
straints  are  severe.  The  lack  of  information  associated  with  incomplete- 
state  measurements  is  potentially  destabilizing,  and  the  unavailability  of 
dynamic  feedback  compensation  limits  the  available  performance. 

However,  in  spite  of  the  severe  implications  of  these  constraints, 
their  essential  nature  makes  output  feedback  attractive  for  many  potential 
applications.  For  one  thing,  measurement  of  the  full  state  may  not  be  phys¬ 
ically  possible.  Ever,  if  it  is  possible,  the  cost  in  measurement  hardware  and 
processing  software  of  obtaining  full-state  information  may  not  be  worth  the 
benefits.  Output  feedback  allows  the  selection  of  a  proper  subset  of  the  full 
state  f->r  measurement,  and  explicitly  incorporates  such  a  constraint  in  the 
mathematical  model  of  the  system.  In  addition,  dynamic  elements  In  the  feed¬ 
back  path  require  actuating  hardware  and  processing  software  for  implementa¬ 
tion,  which  introduces  delay  that  can  be  destabilizing;  they  may  also  magnify 
unmodeled  disturbances  entering  the  system.  For  large-scale  decentralized 
systems  in  particular,  output  feedback  controllers  are  attractive  from  the 
viewpoint  of  implementation.  These  facts  have  motivated  recent  research  on, 
and  comparison  of,  several  design  methods  for  output  feedback  controllers  for 
large  space  structures  [1—4].  It  remains  to  establish  their  feasibility. 

The  key  elements  of  feasibility  are  economy  of  construction  and  opera¬ 
tion,  stabilizability,  and  performance.  In  this  section,  attention  is  focused 
on  stabilizability  for  control  systems  relying  solelv  on  output,  feedback. 
Moreover,  only  linear  time- invariant  systems  are  treated.  Stabilizability  is 
an  existence  statement.  The  system  with  state  and  output  equations 

A(t)  -  Ax(t)  +  Bu(t)  ,  t  _>  0  '  (7-1) 

y  (t)  =  Cx(t)  ,  t  >_  0  (7-2) 

where  x,  >>,  and  y  are  vectors  representing  the  state,  input,  and  output,  respec¬ 
tively  (with  generally  distinct  dimensions),  and  A,  B,  and  C  are  matrices  of 
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compatible  order,  is  stabilizable  by  output  feedback  if  there  exists  a  matrix 
K  such  that  the  closed-loop  system 

x(t)  =  (A  +  BKC)x(t)  ,  t  _>  0  (7-3) 

is  asymptotically  stable  in  the  sense  of  Liapunov  [5].  The  bare  assertion  of 
stabilizability  sheds  no  light  in  general  on  how  to  find  a  stabilizing  output 
feedback  matrix  K;  this  is  a  separate  question.  The  reverse  assertion  (i.e. , 
nonstabilizability) ,  if  true,  displays  the  fundamental  role  of  this  concept, 
for  it  suggests  either  that  the  mathematical  model  is  inadequate,  or  that  in 
fact  the  actual  system  cannot  be  stabilized  with  only  output  feedback.  Design 
approaches  for  output  feedback  controllers  recognize  the  stabilizability  ques¬ 
tion  in  various  ways;  some  make  provision  to  ensure  it  [6],  others  explicitly 
assume  it  [7],  while  others  make  no  guarantee  but  implicitly  assume  it  [8]. 

Although  much  work  has  been  done  in  this  direction,  a  simple  character¬ 
ization  of  output  feedback  stabilizability  has  not  been  found.  Nandi  and 
Herzog  [9]  have  shown  that  stability  of  the  uncontrollable  and  unobservable 
eigenvalues  of  the  open-loop  system  matrix  A  is  a  necessary  condition  for 
output  feedback  stabilizability.  Li  [10]  and  Denham  [11]  have  shown  that 
stability  of  those  eigenvalues  of  A  associated  with  certain  subspaces  derived 
from  the  matrices  A,  B,  C  is  sufficient  for  output  feedback  stabilizability. 

In  order  to  use  these  conditions,  a  spectral  analysis  of  the  open-loop  system 
must  be  made  and  then  associated  with  certain  geometric  constructions. 

Johnson  [12]  discusses  the  surprising  difficulty  of  the  stabilizability  prob¬ 
lem,  and  gives  solutions  for  certain  special  cases.  Anderson  et  al.  [13,14] 
show  that  the  question  of  output  feedback  stabilizability  (as  well  as  the  con¬ 
struction  of  a  stabilizing  controller,  if  one  exists)  can  be  answered  in  prin¬ 
ciple  by  performing  a  finite  number  of  rational  operations  associated  with 
making  decisions  regarding  the  solution  of  a  set  of  multivariable  polynomial 
inequalities.  In  this  approach,  the  computational  burden  is  excessive  and  the 
structure  of  the  underlying  problem  is  lost.  Some  approaches  to  the  stabiliz¬ 
ability  question  [15,16]  are  essentially  experimental  and  can  never  really 
answer  It.  The  purpose  of  the  work  reported  in  this  section  is  to  develop  an 
explicit  algebraic  characterization  of  output  feedback  stabilizability. 

The  approach  taken  toward  the  stabilizability  question  rests  on  the 
notion  of  suboptimality  and  has  been  influenced  by  several  factors.  First, 
recent  study  of  the  Kosut  design  method  [8],  and  in  particular,  extensions 
which  render  it  more  attractive  for  large  space  structure  application  [3], 
highlight  the  simplicity  associated  with  that  suboptimal  method.  Interest  has 
also  been  expressed  in  using  the  Kosut  method  in  adaptive  control  algorithms. 
Second,  a  simple  expression  for  the  cost  penalty  in  using  suboptimal  control¬ 
lers  [17]  lends  itself  quite  naturally  to  this  approach.  It  is  hoped  that  the 
general  results  obtained  for  the  output  feedback  stabilizability  problem  will 
shed  some  light  on  the  stability  of  controllers  designed  using  the  Kosut  sub¬ 
optimal  output  feedback  method,  a  question  that  has  eluded  solution  to  date. 

Before  the  stabilizability  approach  is  presented,  it  is  appropriate  to 
review  briefly  some  basic  information  from  stability  theory. 
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7.1.2  Some  Facte  from  Stability  Theory 
7.1.2. 1  Stability  In  the  Sense  of  Liapunov 


The  Liapunov  theory  of  stability  has  had  a  profound  influence  on  the 
study  of  dynamical  systems  since  its  appearance  in  1893  in  a  Russian  math¬ 
ematical  journal  [5].  Numerous  papers  and  books  have  been  devoted  to  an  expo¬ 
sition  of  this  theory  [18-22].  A  key  to  its  importance  lies  in  the  fact  that 
it  gives  information  about  the  stability  (or  instability)  of  dynamical  systems 
without  requiring  explicit  solutions  to  the  system  equations. 

Two  of  the  Liapunov  notions  of  stability  are  used  in  this  section. 

They  are  most  easily  described  in  terms  of  the  solution  function  of  the  dynam¬ 
ical  system.  Only  time-invariant  systems  are  considered  here;  i.e. 

x(t)  =  f(x(t))  ,  x(G)  «  xQ  (7-4) 


Denote  by 

*q  *  $(*;  xQ)  (7-5) 

the  real-valued  mapping  which  assigns  to  each  n-vector  (initial  state)  a 
solution  <f(t;  xQ) ,  t  >  0  to  the  system  equations  (7-4).  Liapunov  stability 
notions  are  defined  in  terms  of  equilibrium  states  xE  of  dynamic  systems, 
which  have  the  special  property  that  d>  ( t ;  x^)  =  xE  for  all  t  ^  0.  An  equi¬ 
librium  state  x„  is  said  to  be  stable  if  the  solution  function  [Eq.  (7-5)], 

E 

viewed  as  a  mapping  of  the  initial  values,  is  continuous  at  x^,.  Note  that  this 

definition  does  not  preclude  large  transients  (in  the  engineering  sense)  or 
undamped  oscillations  of  the  solution.  Further,  an  equilibrium  state  xE  is 
said  to  be  asymptotically  stable  if  it  is  stable,  and  if 

<Kt;  xQ)  ->  x£  as  t  -*■  +« 

for  all  xA  in  some  open  set  containing  x  .  Note  that  initially-large  osciila- 
0  E 

tions  of  the  solution  (as  a  function  of  time)  are  still  possible. 

The  key  concept  that  provides  stability  information  apart  from  explicit 
solutions  of  the  system  equations  is  that  of  a  Liapunov  function  [20].  Any 
real -valued  function 


x  *  V(x) 

which  is  defined  on  the  state  space  and  is  continuously  differentiable  in  an 
open  set  £2  about  the  origin,  satisfying  V(0)  =  0;  V (x)  >  0,  x  ^  0;  and 

V(x)  E  [grad  V(x)]Tf(x)  <_  0  for  all  states  in  £2  is  called  a  Liapunov  function. 
This  definition  assumes  (without  loss  of  generality)  that  the  equilibrium  state 
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to  be  tested  for  stability  is  the  origin.  The  principal  results  of  Liapunov 
pertinent  to  this  section  are  as  follows: 

Theorem  7-1  (Stability)  [20],  If  there  exists  a  Liapunov  function  in  some 
open  set  ft  containing  the  origin,  then  the  origin  is  stable. 

Theorem  7-2  (Asymptotic  Stability)  [20].  If,  in  addition,  V (x)  <  0  for  all 
nonzero  states  in  ft,  then  the  origin  is  asymptotically  stable. 

7. 1.2.2  The  Liapunov  Matrix  Equation 

Matrix  equations  of  the  form 

ATP  +  PA  =  -Q  (7-6) 

occur  frequently  in  linear  system  theory  [23],  However,  the  chief  interest  in 
such  an  equation  arises  from  its  connection  with  Liapunov  stability  theory  for 
time- invariant  differential  systems.  Consider  the  homogeneous  system  associ¬ 
ated  with  Eq.  (7-1) 


x(t)  =  Ax(t)  ,  t  _>  0  (7-7) 

for  which  the  origin  is  an  equilibrium  state.  The  central  result  is: 

Theorem  7-3  [18].  With  respect  to  Eq.  (7-7),  the  origin  is  asymptotically 
stable  if  and  only  if,  for  each  symmetric  positive-definite  matrix  Q  (denoted 
Q  >  0)  there  exists  a  unique  symmetric  matrix  P  >  0  satisfying  Eq.  (7-6). 

The  connection  is  essentially  that,  when  such  pairs  of  matrices  exist,  the 
function 

A  T 

x  ►+  V(x)  =  x  Px 

.  f 

is  a  Liapunov  function  for  the  system  of  Eq.  (7-7)  and  V (x)  ®  -x  Qx.  More  gen¬ 
erally,  it  c.an  be  stated  that  the  question  of  existence  and  properties  of  solu¬ 
tions  to  Eq.  (7-6)  has  immediate  relevance  to  the  stability  of  the  system  of 
Eq.  (7-7).  This  fact  has  motivated  extensive  research  into  the  theory  of,  and 
solution  methods  for,  Eq.  (7-6).  Before  proceeding,  it  should  be  noted  that  the 
Liapunov  matrix  equation  that  corresponds  to  Eq.  (7-6)  for  the  difference  equa¬ 
tion 

x(tn+i)  =  Gx^tn)  »  n  =  °»1»* ••  (7-8) 


has  the  form  [24] 


CTPC  -  P  =  -R  (7-9) 

where  the  matrices  A  and  C  are  related  by  the  linear  fractional  transformation 

A  •+  C  =  (I  +  A)  (I  -  A)-1  (7-10) 
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Consequently,  stability  results  connected  with  solutions  of  Eq.  (7-6)  are 
also  applicable  to  difference  equations  (7-8). 

An  important  key  to  understanding  Eq.  (7-6)  lies  in  the  spectral  prop¬ 
erties  of  the  slightly  more  general  Sylvester  [25]  mapping 

P  -*  ATP  +  PB  (7-11) 

Bellman  [26]  shows  that  the  eigenvalues  of  this  operator  are  the  sums  X  +  p, 
where  X  (resp.  p)  is  an  eigenvalue  of  A  (resp.  B).  It  follows  that  solutions 
to  the  Sylvester  equation 


ATP  +  PB  =  -Q  (7-12) 

exist  and  are  unique  whenever  none  of  the  sums  X  +  y  vanishes*  The  integral 

-foo 

P  =  -J  eAtQ  eBt  dt 

0 

is  an  explicit  representation  for  the  solution  of  Eq.  (7-11)  under  the  assump¬ 
tion  that  all  the  eigenvalues  of  A  and  B  have  negative  real  parts  [27].  (See 
[28]  for  a  complete  analysis  of  the  Liapunov  mapping  associated  with  Eq.  (7-11); 

i.e. ,  B  =  A1.) 

The  discussion  up  to  this  point  has  not  treated  the  following  more  sub¬ 
tle  situations  regarding  Eq.  (7-6):  (a)  conditions  for  existence  of  solutions 

when  Q  is  only  positive  semidefinite  (denoted  Q  >  0) ;  (b)  general  conditions 
tor  existence  of  positive  definite  solutions;  and  (c)  existence  and  properties 

T 

of  solutions  when  the  Liapunov  operator  P  -*■  A  P  +  PA  has  eigenvalues  with  zero 
real  part.  Full  answers  to  these  questions  are  provided  in  clear  geometric 
terms  by  Snyders  and  Zakai  [29]. 

Much  has  been  written  regarding  explicit  algebraic  representations  for 
solutions  to  Eq.  (7-6)  [30-34].  Motivation  for  such  work  has  been  in  part  to 
facilitate  numerical  computation  of  solutions.  One  obvious  (and  brute  force) 
approach  to  computation  of  solutions  has  been  to  rewrite  Eq.  (7-6)  as  an  equa¬ 
tion  of  the  form 


A  p  =  q 

for  a  vector  p  obtained  by  unraveling  the  rows  of  the  matrix  P,  and  then  to 
use  standard  numerical  solution  methods  for  such  vector  equations.  This  ap¬ 
proach  is  very  inefficient  and  not  feasible  for  large  order  equations  [35,36]. 
The  most  effective  numerical  methods  for  solving  Eq.  (7-6)  are  based  upon  the 
recognition  that  the  equation  is  invariant  in  form  under  similarity  transform¬ 
ations.  The  most  attractive  algorithms  developed  to  date  appear  to  be  the 
Bar tels-Stewart  algorithm  [37]  and  several  extensions  [38,39].  (See  [40,41] 
for  brief  evaluations.) 
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7. 1.2.3  Absolute  Stability  and  Hyperstability 


In  actual  dynamic  systems,  it  is  important  to  be  able  to  guarantee 
stability  (or  asymptotic  stability)  in  the  sense  of  Liapunov  not  only  for  a 
specific  system,  but  also  for  an  entire  class  of  systems.  For  example,  im¬ 
portant  parameters  in  a  system  may  only  be  known  to  within  a  certain  range  of 
values;  it  would  be  desirable  to  have  a  guarantee  of  system  stability  for  all 
parameter  values  in  that  range.  The  class  of  systems  to  be  considered  are  of 
the  general  form  shown  in  Figure  7-1. 


NONLINEAR  LINEAR 
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Figure  7-1.  A  class  of  nonlinear  feedback  control  systems. 


where  H(s)  is  the  transfer  matrix  of  a  linear  subsystem,  and  is  the  charac¬ 
teristic  of  a  nonlinear  subsystem.  In  order  to  be  concise  and  yet  complete, 
in  what  follows  statements  pertaining  to  asymptotic  stability,  in  contrast  to 
stability  alor.e,  are  placed  in  parentheses. 

The  problem  of  (asymptotic)  absolute  stability  is  that  of  determining 
a  characterization  of  (asymptotic)  stability  for  the  system  of  Figure  7-1  where 
the  nonlinear  characteristic  can  be  any  function  4>  satisfying  the  sector  con¬ 
dition 


<*>  (e)e  >  0,  e  f4  0  (7-13) 

Aizerman  and  Gantmacher  [42]  discuss  the  origin  of,  and  the  results  pertaining 
to,  this  problem.  A  weaker  (integral)  form  of  the  sector  constraint  Eq.  (7-13) 


t 

/  <Ke(t)) 
0 


e(i)  dr 


>  0 


(7-14) 


defines  a  larger  class  of  systems.  The  stability  problem  corresponding  to  ab 
solute  stability  for  the  constraint  Eq.  (7-14)  has  been  termed  (asymptotic) 
hyperstability  by  Fopov  [43,44]. 

The  principal  results  to  be  used  subsequently  in  this  section  are  stated 
in  terms  of  (strictly)  positive  real  matrices.  The  mapping 

s  H(s) 

of  the  complex  plane  into  a  square  matrix  of  complex  numbers  is  .(strictly), 
positive  real  [45,46]  if:  (a)  the  elements  of  H  are  analytic  functions  on  the 
the  open  (closed)  right-half  plane,  (b)  H  preserves  complex  conjugation 
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(i.e.j  H(s>  ■  H(s))»  and  (c)  the  Hermitian  part  of  H(^  j  (H  s'-  R*))  is  positive 

seraidef inite  (definite)  on  the  open  (closed)  right-half  plane.  The  superscript 
*  denotes  complex-conjugate  transpose.  The  matrix  form  of  the  famous  Kalman- 
Takubovich-Popov  lemma  gives  an  algebraic  characterization  of  (strictly)  posi¬ 
tive  real  matrices: 

Lemma  7-4  [45,47].  Assume  that  R(s)  is  the  transfer  matrix  of  a  linear  system 
with  H(®)  *  0  and  having  poles  only  in  the  left-half  plane.  Let  (A,B,C)  be 
matrices  such  that  Eq.  (7-1)  and  (7-2)  are.  a  minimal  state-  space  realization 
of  H.  Then  H  is  (strictly)  positive  real  if  and  only  if  there  exist  matrices 
Q  j>  0  (Q  >  0) ,  P  >0,  such  that 


A'P  4-  PA  -  -Q  (7-15) 

and 

BP  -  C  (7-16) 

Note  that  Eq.  (7-15)  is  a  Liapunov  matrix  equation  which  ia  outside  the  scope 
of  Theorem  7-3  when  Q  is  only  semidef  inite .  Several  other  forms  of  this  lemma 
may  be  stated  when  H  does  not  satisfy  the  assumptions  stated  here.  Finally, 
a  result  of  Popov  connects  the  notion  of  positive  realness  to  hyperstability. 

Theorem  7-5  [43,44,46].  The  system  of  Figure  7-1  is  (asymptotically)  hyper¬ 
stable  if  the  transfer  matrix  H  is  (strictly)  positive  real. 

7 . 2  Technical  Approach 

The  relation  between  Liapunov  stability  theory  as  discussed  in 
Section  7.1.2. I  and  the  quadratic  cost  functional  (cf.  Section  7. 1.2. 2)  im¬ 
plies  that  it  suffices  to  establish  finiteness  of  such  a  cost  functional 
(under  appropriate  assumptions  on  the  weighting  matrices,  such  as  those  fol¬ 
lowing  Eq.  (7-18))  in  order  to  guarantee  stability.  We  shall  thus  consider 
the  difference  between  the  quadratic  cost,  functional  associated  with  n  sub- 
optimal  control,  in  particular  output  feedback,  and  the  minimal  cost  possible 
using  state  feedback. 


The  performance  criterion  considered  is  given  by 

J(x0,  .»(*),  tf,  tQ)  *  j  (||x<t){{^+  llu(t)Ui)  dt 

where  x(t)  is  the  state  vector  and  u(t)  is  the  input  vector,  i.e.  , 

x ( t )  =  Ax(t)  4-  Eu(t)  ,  x(tQ)  “  Xq 

q  *  qT  >  0,  R  “  rt  >  0 , 

1  /2 

(q  ,  A)  completely  observable 


(7-17) 


(7-18) 


Thus  the  quality  of  a  control  policy  u(-)  is  evaluated  via  the  penalty 

Jpen(V  u(,)’  Cf’  t0)  "  J(x0*  u(,)’  tf’  t0)  *  J(X0*  U  (>)’  Cf*  tC) 


where 


min  J(Xq,  u( * ) i  t^,  tg)  *  J(xg»  u  ^  ^  *  tf’  t0^ 


(7-19) 


(7-20) 


Noting  that,  by  the  principle  of  optimality,  {u  (x),  t  <  x  <  tf)  depends  only 

on  x(t)  (and  is  independent  of  x(x),  x  <  t),  we  shall  denote  by  u*(x(t))  the 
optimal  control  function. 

Analysis  of  the  expression  for  J  (•)  under  the  linearity  assumption 
in  Eq.  (7-18)  yields  [17] 


J  (x  ,  u ( • ) ,  t  ,  O 
pen  0  r  u 


f  IW 


(t)  -  u*(x(t))||J  dt  (7-21) 


where  {u(t),  tQ  <  t  <  tf)  is  any  control  policy  and  x(t)  is  the  solution  of 

Eq.  (7-18)  given  (u(*).  tQ  <  X  <  t}. 

The  remarkable  expression  in  Eq.  (7-21)  is  the  key  to  the  subsequent 
analysis . 

Remarks 

(1)  u*(x(t))  mentioned  above  is  actually  given  by 

u*(x(t))  =  K*(t)  *  x(t) 

where  K*(t)  is  the  standard  optimal  state  feedback  gain. 

xhe  exnression  in  Eq.  (7-21)  is  valid  for  Q,  R,  A,  B,  being  time  vary¬ 
ing  a s^well  as  for  the  time- invariant  case.  For  the  sake  of  the  present 
discussion  it  suffices  to  consider  the  time- invariant  infinite  case  (  .e 
t  .  o,  t  =  -H»).  Then  K*(t)  =  K*  is  constant  for  all  t  >  0. 
c0  *  f 

Turning  attention  to  the  stability  problem  with  output  feedback, 
consider 


where 


yields 


y(t)  -  C  x(t)  (7-23) 

Combining  Eqs.  (7-21)  to  (7-23)  under  the  assumptions  noted  in  Remark  2, 

+• 

Jp2n(V  G  *  y(0)  "  /  ll(K*  ~  GC)x(t) j  | ^  dt  (7-24) 


where 


x(t)  *  Ax(t)  +  BGy(t) 

*  (A  +  BGC)x(t)  ;  x(0)  «  x 


(7-25) 


Note  that  the  dependence  of  J  (.)  on  (tA,  t.)  has  been  suppressed  due 
to  Remark  2.  pen  0  f 

Thus,  to  assess  the  stability  of  Eq.  (7-25),  JpeR(*)  as  Eq.  (7-24) 

must  be  evaluated.  A  convenient  interpretation  of  Eq.  (7-24)  and  (7-25)  is 
obtained  by  rewriting  Eq.  (7-25)  as 


and  thus  the  performance  penalty  is  given  by 


J  (x  ,  G  •  v ) 
pen  0 


1 1  y(t)||;  dt 


(7-24a) 


This  interpretation  is  illustrated  in  Figure  7-2,  where  the  notation 

*  A  * 

A  =  A  +  BK 


(7-25d) 


has  been  used.  Since  che  system  (7-18)  incorporating  output  teedback 
()- 22)  is  asymptotically  stable  if  J  n(*)  in  £q*  (7-24)  is  finite,  estab¬ 
lishing  the  asymptotic  output  stability  of  the  system  in  Eq.  (7-25)  yields 
the  desired  stability  result. 


Figure  7-2.  Block  diagram  representation  of  Eqs.  (7-25a)  to  (7-25d). 


To  establish  the  asymptotic  stability  of  the  output  feedback  system 
(7-25),  i.e..  to  show  that  Jpen(xg»  G  ’  y(*))  <  ”,  asymptotic  output  stability 

of  the  unity  feedback  configuration  of  Figure  7-2  must  be  established. 

Since  the  feedback  block  (I)  satisfies  the  Popov  integral  inequality 
(Eq.  (7-14)) 


c , 

f 


-uT(t)y(t)  dt  j>  0, 


(7-26) 


hyperstability  theory  (cf.  Section  7. 1.2.3)  may  be  employed  to  assess  the 
asymptotic  output  stability  of  Eqs.  (7-25a)  to  (7-25d). 

7.3  Results 


A  necessary  and  sufficient  condition  for  a  system  to  be  (asymptotically) 
hyperstable  is  that  the  forward  loop  is  (strictly)  positive  real  (cf.  Theorem 
7-5).  Thus,  employing  the  Kalman -Yakubovich-Popov  Lemma  (Lemma  7-4)  we  have: 

Theorem  7-b .  The  control  law  in  Eqs.  (7-22)  to  (7-23)  (output  feedback)  is 
asymptotically  stable  if  there  exists  a  symmetric  positive-semidef inite 
T 

matrix  P  (P  =  P  _>  0)  sucn  that 

(A*)XP  +  P (A*)  £  0  (7-27) 

K*  -  GC  =  BTP  (7-28) 

Before  proving  Theorem  7-6,  it  merits  some  discussion. 

Remark  3.  Theorem  7-6  can  be  generalized  by  allowing  the  identity  in  the  feed¬ 
back  loop  of  Figure  7-2  to  be  realized  in  the  form  1  *  XYZ,  where  X,  Y,  Z  are 
matrices  of  appropriate  dimensions.  Then  Eq.  (7-28)  can  be  replaced  by 
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Z(K*-  GC)  -  (BX)TP 

provided  that  Y  satisfies  the  Popov  inequality  (7-26)  (e.g.,  take  Y  >  0) . 

Remark  4 .  The  conditions  in  Theorem  7-6  are  a  relaxed  version  of  the  Kalman- 
Yakubovich-Popov  Lemma  (Lemma  7-4)  where  strict  inequa? ity  in  Eq.  (7-27)  may 
be  required  and  where  P  has  to  be  positive  definite  (rather  than  semi-definite). 

Corollary  7-7.  Consider  the  system  represented  by  the  triplet  (A,  B,  C)  (cf. 
Eqs.  (7-18)  and  (7-23)).  A  sufficient  condition  for  (A,  B,  C)  to  be  output 
stabilizable  is  that  Eq.  (7-27)  is  a  consistent  set  of  equations,  where 


* 

K 


-IT* 
-R  BP 


T  *  *  T  *-lT* 

A  P  +  P  A  +  LL  -  P  BR  B  P 


0 


T 

L  is  chosen  so  that  (L,  A)  is  a  completely  observable  pair,  and  R  *  R  >0. 

Remark  5 .  The  authors  believe  that  the  statement  in  Corollary  7-7  should  read 
"...A  necessary  and  sufficient...",  however,  a  general  proof  of  this  con¬ 
jecture  has  not  yet  been  established. 

Proof  of  Theorem  7-6 


The  theorem  statement  with  strict  inequality  follows  trivally^f rom  the 
Kalman-Yakubovich-Popov  Lemma.  However,  considering  the  case  GC  -  K  ,  which 
allows  P  to  be  singular  in  Eq.  (7-27),  implies  that  one  can  relax  the  strict 
inequality  conditions.  To  prove  the  theorem,  consider  the  "Liapunov  function" 

A  T 

V(x)  -  x*Px 

where  P  satisfies  Eq.  (7-27),  Note  that  V(x)  is  not  a  standard  Liapunov 
function  since  we  allow  P  to  be  semidef inite  (or  even  P  "  0) .  Differentiating 
V(x(t))  subject  to  Eq.  (7-25)  and  (7-27)  yields 

V(x( t) )  =  x(t)T[(A*)TP  +  PA* ]x(t)  -  2x(t)TPBBTp  x(t) 

Since  we  have  weak  inequalities  in  the  theorem  statement,  we  have  V(x(t))  ^  0 

and  V(x(t))  0.  Note,  however,  that  if  there  exists  a  t  such  that  V(x(t))  ■  0, 

the  conditions  V  >  0  and  V  0  imply  that  V(x(t))  =  0  for  all  t  j>  t.  Furthermore, 
V(x(t))  *  0  only  if  Px(t)  =  0  which  implies 

'  y(t)  -  (K*  -  G-l)x(t)  =  BTP  x(t)  *  0 

and  thus  asymptotic  output  stability  of  Eq.  (7-27)  has  been  established. 


Remark  6 . 
stability 
theory. 


Note  that  the  proof  relies  on  an  unconventional  use  of  Liapunov 
theory.  It  might  suggest  an  approach  to  the  extension  of  this 
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7.4 


Conclusions 


An  initial  step  has  been  taken  toward  the  development  of  an  explicit 
algebraic  characterisation  of  output  feedback  stabilizability .  The  principal 
result  is  a  sufficient  condition.  The  chief  open  problem  is  to  determine  how 
this  condition  can  be  weakened  so  as  to  become  also  a  necessary  condition. 

The  condition  is  a  set  of  Kalman-Yakubovich-Popov  relations  in  a  special  form 
dictated  by  the  output  feedback  constraints.  Part  of  this  set  is  a  Liapunov 
matrix  equation  for  which  the  theory  of  solution  and  solution  methods  are 
well-known  (cf.  Section  7. 1.2. 2).  Another  open  problem  is  to  extend  such  re¬ 
sults  so  as  to  apply  to  the  full  Kalman-Yakubovich-Popov  set.  Success  in 
tackling  these  two  open  problems  would  yiald  a  powerful  tool  for  the  stability 
analysis  of  general  output  feedback  control  systems. 

Such  an  explicit  characterization  of  stabilizability  can  be  a  very 
practical  tool  in  controller  design.  Since  the  sensor  and  actuator  matrices 
appear  in  the  Kalma.v-Yakubovich-Popov  equations,  the  conditions  provide  a 
simple  means  to  evaluate  alternative  sensor  and  actuator  locations  from  the 
standpoint  of  stabilizability.  The  present  results  can  already  be  used  for 
this  purpose,  although  the  outcome  will  be  conservative. 
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SECTION  8 


OPTIMAL  DISTRIBUTED  CONTROL  OF  A  FLEXIBLE 
SPACECRAFT  DURING  A  LARGE-ANGLE  ROTATIONAL  MANEUVER 


8. 1  Introduct Ion 

A  problem  of  current  interest  is  the  rotational  and  configuration  con¬ 
trol  of  flexible  spacecraft.  In  particular,  we  consider  hers  the  problem  of 
optimal  large-angle  single-axis  maneuvers  with  simultaneous  vibration  suppres¬ 
sion  when  a  distributed  control  system  is  employed. 

The  control  system  being  considered  is  distributed  in  the  sense  that 
control  is  applied  at  several  either  rigid  or  flexible  points  on  the  vehicle's 
structure . 

The  motion  of  the  class  of  vehicles  being  considered  is  described  by  a 
system  of  hybrid  coordinates.  The  coordinates  are  referred  to  as  hybrid,  be¬ 
cause  the  vehicle's  equations  of  motion  consist  of  both  ordinary  and  partial 
differential  equations..  In  the  hybrid  coordinate  formulation,  the  ordinary 
differential  equations  describe  discrete  coordinates  for  modeling  the  rota¬ 
tions  and  translations  of  rigid  bodies,  and  the  partial  differential  equations 
describe  distributed  or  modal  coordinates  for  modeling  the  deformations  of 
elastic  bodies. 

The  procedure  used  for  analyzing  these  hybrid  systems  is  a  spatial  dis¬ 
cretization,  whereby  the  partial  differential  equations  are  converted  into  in¬ 
finite  sets  of  ordinary  differential  equations.  Then,  based  on  some  arbitrary 
combination  of  control  and  computational  considerations,  these  infinite  sets 
of  ordinary  differential  equations  are  truncated  for  the  control  law  design 
and  subsequent  modeling  simulations. 

At  the  present  time,  there  are  many  unresolved  issues  regarding  how  the 
truncation  procedure  should  be  carried  out.  Though  interesting  as  these  issues 
are,  they  are  not  considered  further  in  this  report. 

Mathematically,  the  spatial  discretization  procedure  [1]  is  carried  out 
by  replacing  the  deformations  of  the  continuous  elastic  members  by  a  finite 
series  of  known  (admissible)  space-dependent  functions  multiplied  by  time- 
dependent  (to-be-determined)  generalized  coordinates. 

The  problem  of  large-angle  maneuvers  for  both  rigid  and  flexible  space¬ 
craft  has  recently  been  treated  by  a  number  of  investigators.  In  the  case  of 
rigid  vehicles,  Turner  and  Junkins  (2]  presented  the  nonsingular  necessary 
conditions  for  large-angle  three-dimensional  maneuvers  of  asymmetric  vehicles. 
In  particular.  Turner  and  Junkins  [2]  obtained  the  nonlinear  solution  by  intro¬ 
ducing  a  boundary  condition  continuation  or  homotopy  method,  which  reliably 
solves  the  resulting  two-point  boundary-value  problem  (TPBVF) .  When  flexible 
vehicles  restricted  to  single-axis  maneuvers  are  considered,  a  number  of  in¬ 
vestigators  working  independently  have  obtained  essentially  equivalent  results 
for  the  time-invariant  case.  For  example,  Swigert  [3]  assumed  a  specialized 
Fourier  series  for  the  unknown  control  torque,  where  the  coefficients  in  the 
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.series  are  determined  by  requiring  that  the  following  two  condition*  be  sat¬ 
isfied.  First,  that  the  Integral  of  the  square  of  the  control  torque  be  mini¬ 
mized;  and  second,  that  the  maneuver  satisfy  the  prescribed  terminal  boundary 
conditions  for  the  problem.  Markley  [4]  considered  the  effects  of  selecting 
different  performance  indices  for  the  problem  of  controlling  a  flexible  body 
modeled  with  a  single  flexible  mode.  Breakwell  [5]  addressed  the  problem  of 
controlling  several  flexible  modes  and  presented  results  for  a  feedback  con¬ 
trol  system,  as  well  as  reporting  on  experimental  verification  of  the  resulting 
control  law  formulation.  Alfriend,  Longman,  and  Bercaw  [6]  considered  a  fre¬ 
quency  response  interpretation  of  optimal  slewing  maneuvers.  Turner  and  Jun- 
kins  [7]  presented  results  for  controlling  several  flexible  modes  for  both 
linear  and  nonlinear  formulations  of  the  equations  of  motion.  In  particular. 
Turner  and  Junkins  [7]  introduced  a  differential  equation  continuation  or 
homotopy  method  for  reliably  solving  the  resulting  nonlinear  TPBVP.  As  a 
further  development  of  References  [2,7),  the  authors  present  herein  the  neces¬ 
sary  extensions  when  a  distributed  control  system  is  employed  in  the  flexible 
body  case. 

The  specific  model  considered  (see  Figure  8-1)  consists  of  a  rigid  hub 
with  four  identical  elastic  appendages  attached  symmetrically  about  the  central 
hub.  We  consider  only  the  case  of  a  single-axis  maneuver  with  the  flexible 
members  restricted  to  displacements  in  the  plane  normal  to  the  axis  of  rota¬ 
tion.  Furthermore,  we  make  the  assumption  that  the  body  fas  a  whole;  experi¬ 
ences  only  antisymmetric  deformation  modes  (see  Figure  8-2).  The  control  sys¬ 
tem  for  the  vehicle  is  taken  to  consist  of  a  single  controller  in  the  rigid 
part  of  the  structure;  in  addition  each  elastic  appendage  is  assumed  to  have 
one  controller  located  half  way  along  its  span*.  The  extension  to  the  case  of 
multiple  controllers  along  each  appendage  is  straightforward;  however,  only 
the  single  appendage  controller  case  is  presented  in  this  report. 

The  necessary  conditions  for  the  optimal  single-axis  maneuver  are  pre¬ 
sented  in  two  parts.  The  first  part  (Sections  8-2  through  8-4)  consists  of  the 
formulation  and  solution  of  the  linearized  equations.  The  second  part  (Sec¬ 
tion  8-5)  consists  of  presenting  the  nonlinear  equations  where  the  to-be- 
specified  nonlinearity  is  both  kinematic  and  structural  in  nature.  In  Sec¬ 
tion  8-6  a  differential  equation  continuation  method  is  presented  for  solving 
the  nonlinear  TPBVP,  which  makes  efficient  use  of  the  initial  costates  deter¬ 
mined  in  Section  8-4.  In  Section  8-7  we  provide  numerical  results  which  sup¬ 
port  the  validity  and  utility  of  the  formulations  described  herein. 


8 . 2  Equations  of  Motion 

For  the  vehicle  being  considered,  the  equations  of  motion  can  be  ob¬ 
tained  from  Hamilton's  extended  principle  [8]. 


(5L  +  iw)  dt 


0 


(3-1) 


For  any  real  system  application  an  optimization  should  be  performed  in 
order  to  locate  the  appendage  control  subject  to  enhancing  the  vehicle's 
controlled  performance. 
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subject  to 


66 


■  6u  *  0  at  t^»  t^ 


where  L  «  T  -  V  is  the  system  Lagrangian,  6w  represents  the  virtual  work,  66 
represents  a  virtual  rotation  and  6u  represents  a  virtual  elastic  displace¬ 
ment  . 


» 


The  kinetic  and  potential  energy  expressions  for  the  vehicle  can  be 
shown  to  be 


t  =  |  e2 


r+L 

1+4  /  (u2  -  F2)  dm 


/ 


r+L 


r+L 


+  2  J"  u2dm  +  46  j  xudm  (8-2) 


„2  lF/  _l_  T  \  2  2  21  /3UV 

P  =  2  [(r  +  L)  -  r  -  x 


r+L 

V  =  2  J  El 


32u 


3x 


dx 


(8-3) 


where  I  denotes  the  moment  of  inertia  of  the  undeformed  vehicle  about  the  axis 
of  rotation,  r  denotes  the  radius  of  the  rigid  hub,  L  denotes  the  undeforraed 
length  of  the  elastic  appendages,  P2  denotes  a  first  order  correction  for  arc 
length  along  an  appendage,  and  El  denotes  the  flexural  rigidity  of  each  of  tha 
appendages . 


The  virtual  work  in  this  example  can  be  shown  to  be 

n* 

6v  =  E  Q  Sq  (n*  =  number  of  generalized  (8-4) 

k=l  coordinates) 

where 


Q 


k 


3K  Jho_ 

-  3qk  9qk 


/ 


df  +  /  u  x  df 


df 


(8-5) 


and  denotes  the  kth  generalized  force;  denotes  the  kth  generalized  co¬ 
ordinate,  R  denotes  the  vector  locating  the  mass  center  of  the  vehicle  rela¬ 
tive  to  inertial  space;  denotes  the  inertial  angular  velocity  of  the  vehicle, 
_r  denotes  the  vector  locating  differential  mass  elements  in  the  undeformed 
vehicle,  u  denotes  an  elastic  deflection,  v  denotes  that  the  integration  is 
taken  over  the  entire  vehicle;  a  dot  over  the  vector  R  or  a  scalar  q,  denotes 
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differentiation  with  respect  to  time  in  the  inertial  frame;  an  open  dot  over 
a  vector  u  denotes  differentiation  with  respect  to  time  in  the  frame  fixed  in 
the  rigid  hub;  d£  denotes  the  differential  resultant  force  acting  at  some 
point  in  the  vehicle,  and  £  is  given  by 

df.  (8-6) 

v 


Before  applying  Hamilton’s  extended  principle,  we  express  (by  the  assumed 
modes  method  [ID  the  elastic  displacements  as  the  following  series: 


n 

u  -  l  n. (t)  $  (x  -  r)  (8-7) 

k-1  K  K 


where  n^(t)  represents  the  kth  time-varying  amplitude,  ^(x  ~  r)  represents 

the  kth  assumed  admissable  mode  shape  (in  this  instance  a  comparison  function), 
and  n  represents  the  number  of  terms  used  in  the  approximation. 


On  introducing  Eq.  (8-7)  into  (8-2)  and  (8-3),  we  obtain  for  the  system 
Lagrangian 


,  1*2.1  .Tw  .  .  • ♦ T 

L  =  2  0  +  2  H  Mnr^  +  0-n- 

1  a2  TP  M  1  1  T 

~  2  6  ^  L  MnnJ—  "  2  ^  K 


n 
nn— 
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where 


n  = 


[V  n2 *  nn] 


[M 


nn  kp 


r+L 

4  J'  <^(x  -  r)  ^p(x  -  r)  dm  (n  *  n) 


r+L 


lVk 


/ 


4  j  xi^Cx  ~  r)  dm  (n  *  D 


I  ; 


r+L 


[M],  =  4 

kp 


J  }l(r  +  L)2  -  r2  -  x2]  (x  -  r)  <t>^ 


(x  - 


r)  dm 

(n  x  n) 
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(n  x  n) 


[K  It, 
nn  kp 


r+L 


/  EI*"(x  -  r)  -  r)  dx 


( >•  =  {-( >.  <  )■■  3  -4i(  > 

dx 

On  introducing  Eq.  (8-7)  into  Eq.  (8-5),  we  find  for 

Q  *  u^  (Rigid  Body  Torque) 

Q.  ,  =  4<b*  (x.  -  r)u^  (Elastic  Appendage  Torque) 

k+1  k  p  i 


(d-9) 

(8-10) 


where  x  is  the  coordinate  locating  the  point  of  application  of  the  control 
p 

torque  on  the  elastic  appendage.  Equation  (8-10)  is  obtained  in  the  following 
way:  first,  the  control  torque  acting  on  an  elastic  appendage  is  replaced  by 
an  equivalent  couple*;  and  second,  a  limiting  process  is  carried  out**  which 
leads  directly  to  Eq.  (8-10). 


Substituting  Eq.  (8-8,  8-9,  and  8-10) 
equations 


into  Eq.  (8-1)  yields  Lagrange's 


_d_ 

dt 

_d_ 

dt 


3L 

ae 


9L 


U1 

(8-11) 

I-2 

(8-12) 

Two  forces  F^  and  -F,  having  the  same  magnitude,  parallel  lines  of  action, 
and  opposite  sense  are  said  to  form  a  couple. 

The  limiting  process  is  carried  out  by  requiring  the  lever  arms  and  forces 
of  the  couple  to  assume  values  such  that 

u.,  =  limit  ]_r  s  £  +  (~r)  x  (-F)  j 

111  v  0 
[f|  -v 


where  r  is  the  vector  connecting  the  couple  forces,  F,  to  the  point  of  ap¬ 
plication  of  control  and  ||  is  the  standard  vector  norm.  In  particular  F 
is  taken  to  he 


F  -  F-Hx  -  x  -  r),  -F  =  -F<S(x  -  x  +  r) 

—  -p  —  -  -p  ~ 

where  F  is  the  magnitude  of  the  force  and  6(x  -  x  +  r)  is  a  three- 
dimensional  Delta  function. 
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where 


I  “  4[<t>! (x  -  r)  <J.'(x  -  r)  ...  4>'(x  -  r)]T 

—  i-P  2  p  n  p 

From  which  the  equations  of  motion  follows  as 

*  T  .«  T*.  .  » T  ^ 

(I  -  n  M  n)o  +  M-  n  -20n  M  n  *  a. 
—  —  —6rr-  —  1 

M,  e  4  M  ii  +  [K  +  02M*]q  «  Fu„ 

-en  r.n~  nn  —  —  2 


(8-13) 

(8-14) 


where 

M*  *=  M  -  M 

nn 

8.3  State  Space  Formulation 

The  state  space  form  of  Eq.  (8-13)  and  (8-14)  is  obtained  by  carrying 
out  the  following  steps;  first,  we  recall  the  small  deflection  assumption 
which  permits  the  quadratic  deflection  t^rms  in  Eq.  (8-13)  to  be  dropped. 
Second,  we  ignore  (for  the  moment)  the  0  term  in  Eq.  (8-14)  yielding  linear 
time-invariant  equations.  Then  Eq.  (8-13)  and  (8-14)  can  be  cast  in  the  linear 
matrix  form 

MI  +  '*  Pu  (8-15) 

where 


and  M 
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nn 


semidef inite)  . 


Equation  (8-15)  can  be  written  in  uncoupled  form  by  introducing  the  co¬ 
ordinate  transformation 


4  =  Ec 


(8-16) 
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where  E  is  the  matrix  of  normalized  eigenvectors  for  the  generalized  eigen¬ 
value  problem 

X^Me^  *  Ke^  (A^  •  eigenvalue,  (8-17) 

e  *  eigenvector) 


On  introducing  Eq.  (8-16)  into  (8-15)  and  premultiplying  the  resulting 
T 

equation  by  E  and  recalling  the  normalization  for  E,  the  equation  of  motiov? 
becomes 

t_  +  A  t  “  Vu  ,  V  *  ETP  (8-18) 

Defining  the  state  variable  subsets 

=  _t  at,  *  _t  (8-19) 

leads  to  the  first-order  differential  equations 

=  — 2  s.2  *  ~A-1  +  V—  (8-20) 

T  T  T 

Letting  £  =  [s^  s^]  i  the  state  space  equation  becomes 

£  *  As  +  Bu  (8-21) 

where 


8.4.1  Statement  of  Problem 

We  consider  here  the  rotational  dynamics  of  a  flexible  space  vehicle 
restricted  to  a  single-axis  large-angle  maneuver,  where  the  system  dynamics  is 
governed  by  Eq.  (8-20).  In  particular,  we  seek  a  solution  of  Eq.  (8-20)  sat¬ 
isfying  the  prescribed  terminal  states 
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T 

Vi  <■ 


■  ['/'‘o’] 


(8-22a) 


0fnT  (cf) 


^  "  [ofHT(tf)] 


(8-22b) 


where  we  impose  the  requirements  that  _n(t^)  =  _n ( t ^ )  =  o  on  the  right  side  of 

Eq.  (8-22b)  at  the  final  time.  Moreover,  we  seek  torque  history  u(t)  gener¬ 
ating  an  optimal  solution  cf  Eq.  (8-20)  initiating  at  Eq.  (8-22a)  and  termi¬ 
nating  at  Eq.  (8-22b)  which  minimizes  the  performance  index 


•*/[*’ 


W  u  +  s^W 

UU—  —  S£ 


(8-23) 


where  W  is  a  weight  matrix  on  the  control  and  W  is  a  weight  matrix  for  the 
uu  ss 

state  variables.  In  particular,  if  W  and  W  are  selected  tc  have  a  block 

ss  uu 

diagonal  structure,  then  Eq.  (8-23)  can  be  interpreted  as  seeking  a  solution 
which  is  proportional  to  the  problem  of  minimum  control  effort,  minimum  ki¬ 
netic  energy,  and  minimum  elastic  potential  energy.  The  selection  of  Eq.  (8-23) 
has  been  made  for  convenience,  though  it  is  recognized  that  many  other  reason¬ 
able  performance  indices  are  possible  (e.g.,  see  References  [9-13]).  More¬ 
over,  it  is  recognized  that  the  particular  performance  index  selected  can 
significantly  effect  the  computational  effort  required  and  the  resulting  ma¬ 
neuvers,  In  fact,  we  have  founa  that  the  numerical  values  selected  for  W 

uu 

and  W  in  Eq.  (8-23)  must  be  adjusted  according  to  how  many  elastic  modes 

are  retained  in  Eq.  (8-20),  in  order  for  sacisfactory  solutions  to  be  obtained. 
The  particular  weighting  scheme  used  is  discussed  in  Section  8-7. 

8.4.2  Derivation  of  Necessary  Conditions  from  Pontryagin's  Principle 

In  preparing  to  make  use  of  Pontryagin's  necassary  conditions,  we  in¬ 
troduce  the  Hamiltonian  functional 


H  =  -^(u^W  u  +  s^W  s)  +  A^(As  +  Bu) 

2  —  uu—  —  ss  —  —  — 


(8-24) 


where  the  Vs  are  Lagrange  multipliers  (also  known  as  costate  or  adjoint 
variables).  Pontryagin's  principle  requires  as  necessary  conditions  that  the 
\'s  satisfy  costate  differential  equations  derivable  from 


T 

-  W  s  -  A  A 
ss—  — 


(8-251 
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and  that  the  control  torque  u  must  be  chosen  at  every 
Hamiltonian  of  Eq.  (8-25)  is  minimized;  that  is,  for  u 


instant  so  that  the 
continuous  we  require 


3H 

3u 


0 


T 

W  u  +  B  X 
uu—  ~ 


(8-26) 


from  which  the  optimal  torque  is  determined  as  a  function  of  the  costate 
variables  as 


The  state  and  costate  differential  equations  are  summarized  as 
State  Equations  (from  introducing  Eq.  (8-27)  into  (8-21)) 

-1  T 

4  As  -  BW  B  X 

—  —  UU  — 


(8-27) 


(8-28a) 


Costate  Equations  (from  Eq.  (8-25)) 

X  -  -W  s  -  ATX  (8- 28b) 

—  ss~  — 


8.4.3  Solution  for  the  Initial  Cos tates 

We  observe  in  Eq.  (3-28)  that  the  boundary  conditions  for  ^  are  known 
both  initially  and  finally,  whereas  all  boundary  conditions  for  _X  are  unknown. 
Thus,  application  of  Pontryagin ’ a  principle  has  led,  as  usual,  to  a  TPBVP.  In 
order  to  obtain  the  solution  for  Eq.  (8-28)  we  first  write  the  merged  state 
vector 


X  =  i  sT  X1  ] 


(8-29) 


so  that  Eq.  (8-28)  becomes 


x  SIX 


(8-30) 


where 


Si  = 


w 

L  ss 


-1  Tt 
-BW  B  1 
uu 


-A 


=  constant  coefficient  matrix 


Since  SI  is  constant,  it  is  well  known  that  Eq.  (8-30)  possesses  the  solution 

S2(t-t  ) 

X(t)  =  e  °  X(to) 


where  eUt  is  the  4N  by  4N  exponential  matrix. 
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(8-31) 


The  solution  for  e  is  conveniently  obtained  by  a  variety  of  methods  (cf 
e.g.,  Moler  and  Loan  [14]  and  Ward  [15]).  For  the  application  at  hand  we 
select  either  eigenvector  methods  or  special  series  approximations  (e.g.,  di¬ 
agonal  Pade  approximations)  which  are  used  in  conjunction  with  the  identity 


ilt 

e 


f2t 

leading  to  computationally  efficient  algorithms.  On  setting  e 
and  writing  ouc  Eq.  (8-31)  in  partitioned  form,  we  obtain 


(8-32) 

<Kt,t  ) 
o 


(8-33) 


and  upon  carrying  out  the  partitioned  matrix  multiplication,  we  find  for  s(t^) 


s(tf)  =  *  s(0)  +  .  X (0)  (8-34) 

—  t  S  s—  S  a— 

which  can  be  solved  for  MO)  as 

♦  M<0)  =  s(t  )  -  <t>  s(0)  (8-35) 

SA—  —  f  SS — 


Equation  (8-35)  is  ir.  the  standard  form  for  the  linear  axgebraic  equation 
Ax  =  b^,  which,  can  be  solved  via  Gaussian  elimination  for  x  (thereby  avoiding 
the  computation  of  the  explicit  inverse  of  <}>  ). 

S  A 

Equations  (8-35)  and  (8-31)  comprise  the  complete  solution  of  Eq.  (8-28). 

t 

If  some  of  the  elements  of  e"  become  so  large  that  numerical  precision  is  lost 
in  the  solution  for  X (0) ,  then  the  solution  process  outlined  above  will  fail. 

The  reason  numerical  difficulties  can  arise  in  the  solution  for  MO)  can  be 
traced  to  the  fact  that  the  TPBVP  defined  by  the  differential  equation  in 
Eq.  (8—31)  is  stiff;  ir.  the  sense,  that  some  solutions  increase  and  others 
decrease  rapidly  as  the  independent  variable  changes.  If  the  solution  for 
MO)  fails,  there  are  two  courses  of  action  one  can  take.  First,  the  time  in¬ 
terval  for  the  maneuver  can  be  shortened;  thus,  decreasing  the  growth  in  the 

elements  r-f  edt .  Second,  one  can  elect  tc  convert  the  TPBVP  into  a  multipoint 
boundary-'-alue  problem  by  introducing  several  intermediate  times 

t  <  t  <  t  <  . . .  <  t  <  tf  (8-36) 

o  1  ?.  m  f 

The  motivation  fer  introduc'ng  tnese  intermediate  times  t^  (k  =  1,  ...»  ta) , 


n  is  the  smallest  integer  such  that  max  ||fit||/2n 
suitable  matrix  norm. 


< 


i  ,  where  |  |  fit  {  j  is  a 


is  to  limit  the  growth  in  the  elements  of  e  in  the  kth  tima  interval. 

Then  assuming  that  some  scheme  can  be  provided  for  specifying  the  initial  bound¬ 
ary  conditions  at  the  intermediate  times,  the  idea  is  to  patch  all  the  solutions 
together,  thereby  obtaining  the  solution  over  the  time  interval  of  interest. 
Since  the  mechanics  of  how  the  scheme  outlined  above  would  work  deviates  from 
the  main  topic  of  this  report,  this  subject  will  not  be  considered  further. 
Instead,  it  is  assumed  in  the  remainder  of  this  report  that  the  manuevers  of 
interest  can  be  obtained  by  decreasing  the  overall  maneuver  time  interval 
(t  -  t  ) ,  should  computational  difficulties  be  encountered. 

We  are  now  interested  in  solving  a  problem  of  the  same  structure,  but 
including  the  previously  neglected  kinematic  nonlinearity.  The  idea  is  to  use 
the  solution  to  Eq.  ( 8—  3 S )  as  starting  iteratives  fcr  a  continuation  or  homo- 
topy  chain  method,  which  will  solve  this  related  nonlinear  problem. 

b . 5  Optimal  Control  Problem  Including  Kinematic  Nonl inearit ies 

Due  to  the  similarity  in  structure  with  the  presentation  in  Section  8.4, 
only  key  equations  are  given. 


The  uncoupled  equation  of  motion  '^correspond ing  to  Eq.  (8-18),)  is 

t  +  At  =  Vu  -  a(Vrt)2Lt  (8-37) 


whore 


vTt 


L  =  K 


.1 


0  0 
0  M* 


T.  ,  „T,T 


V  =  EI10 


^ME12  V  (N  =  n  +  1 ) 


and  n  is  the  continuation  or  homotopy  chain  parameter.  Defining  the  state 
vector  as  in  Eq.  (8-20)  leads  to  the  nonlinear  state  equation 


s  =  A(s)s  +  Bu 


(8-38) 


A(s)  = 


A  (s)  0 


,  A21(s)  =  -A  -  cx(vrs2)2L 


Defining  the  optimal  control  problem  as  in  Section  8.4.1  leads  to  state  and 
costate  differential  equations  which  are  summarized  as: 


State  equations 


s 


A(s) s  -  BW-1BTX 
—  —  uu  — 


(8-39a) 


Costate  equations 


-W  s  -  C(s)X 
ss—  —  — 


(8-39b) 


where 


C  (s)  = 


A^(s> 


T  T  T 

-2a(Vs2)VsjL 


8.6  Continuation  Method  for  the  Solution  of  the  Nonlinear  TPBVP 


The  motivation  tor  introducing  the  parameter  a  in  Eq.  (8-37)  comes 
about  from  a  simple  observation.  That  is,  if  it  is  very  difficult  to  obtain 
a  solution  for  the  operator  equation 

_f(x)  -  0  (8-40) 

directly,  then  the  numerical  solution  of  Eq.  (8-40)  can  frequency  be  directly 
obtained  by  solving  the  family  of  problems 

F(x,  a)  =0  (8-41) 

where  a  is  a  parameter  which  varies  from  0  to  1 . 


The  family  FXx,  a)  is  chosen  so  that  (i)  F(x.,  1)  =  ,  (ii)  is 

an  easily  calculated  (unique)  soluton  of  _F(x,  0)  =  (),  and  (iii)  £(2t,  a)  is  a 
continuous  function  of  a.  The  solution  process  proceeds  as  follows.  We  intro¬ 
duce  the  sequence  of  parameter  values 


0  =  a  <  a,  <  a„  < 

o  1  2 


<  a 

P 


(8-42) 


where  the  value  of  p  is  either  pre-set  or  determined  during  the  iterative  pro¬ 
cess  as  discussed  in  Schmidt  [lb]  and  Deuflhard,  Pesch  and  Rentrap[17].  The 

solution  x . , ,  of 
—l+l 


F(x,  «i+1)  =  0  (8-43) 

is  obtained  by  an  iterative  method  (e.g.,  Quasi-Newton  methods  as  described  in 
Dennis  and  Schnabel  [18],  Greenstadt  [19],  and  Golafarb  [20])  since  F^  is,  in 
general,  nonlinear.  The  starting  estimates  for  are  obtained  in  one  of  the 
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two  following  ways.  First,  we  could,  use  the  previous  converged  value  of  _x  ; 

or  second,  we  could  use  an  extrapolated  value  for  based  on  the  converged 

x^  behavior  for  back  u  values.  Based  on  our  own  numerical  experiments,  we 

have  found  that  using  the  second  method  above  accelerates  convergence  in  the 
solution  for  _x  ^ ,  and  the  method  works  both  efficiently  and  reliably. 

On  making  the  identification  for  £  in  £q.  (8-39;  and  (3-41) ,  we  find 


F(s,  >.,  u) 


s  -  A (s)  s  +  F.vf  lBTX 
—  —  —  uu 

X  +  W  s  +  C(s) X 
s  S  *  “ 

sf  -  s(s(0) ,  X(0) ,  ) 


! 


(8-44) 


In  addition  we  recall  that  j>(0)  is  given  and  MO)  is  provided  by  Eq.  (8-35) 
for  n  =  0.  hence,  in  Eq.  (8-44)  the  operator  equation  to  be  satisifed  con¬ 
sists  of  the  state  and  costate  differential  equations,  as  well  as  terminal 
constraints  on  the  final  values  of  the  state.  These  observations  thus  motivate 
the  following  successive  approximation  strategy  for  solving  the  nonlinear 
TPBVP,  for  homotopy  chair,  parameters  u^(k  =  l,  ...  p) . 

Letting  the  approximate  initial  costates  be  denoted  by 


X  =  A(t  )  (8-45) 

— u  —  o 

the  differential  correction  strategy  is  to  seek  the  correction  vector  A_A  sub¬ 
ject  to  the  terminal  constraint 


sr  -  s  ( A  +  AA,  tr)  «  0  (8-46) 

— i  —  —  r.  —  f  — 

where  s^:  denotes  the  vector  of  desired  terminal  boundary  conditions  for  the 
variable  s. 

On  linearizing  Eq.  (8-46),  we  obtain 

sr  -  s  -  A  ,AA  =•  0  (8-47) 

—1  —  sA —  — 

where  s  denotes  the  numerically  integrated  solution  of  Eq .  (8-39a) ,  using  as 

initial  conditions  s(t  )  and  the  approximate  costate  A  ,  and 

—  o  —  o 
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sA 


T 


♦sA 


(8-48) 


H-14 


where  <J>  ,  denotes  the  block  of  state  translcion  matrix  for  the  variables  s 

sA  — 

and  A_.  Next,  defining 


Asf  =  -  js  (8-49) 

and  introducing  Eq.  (8-49)  into  (8-47)  yields 

As  =  AX  (8-50) 

H  S  A 

The  solution  for  Eq .  (8-50)  is  easily  obtained  by  using  a  standard  linear 
equation  solver.  As  in  the  solution  for  Eq.  (8-35)  we  wish  to  avoid  algorithms 
requiring  the  explicit  inverse  of  4>  ^ .  The  calculation  of  the  required  partial 

derivatives  for  the  nonlinear  problem  is  a  separate  issue,  dealt  with  in 
Appendix  A. 

The  previous  discussion  can  all  be  summarized  as  the  differential  cor¬ 
rection  algorithm  in  Figure  8-3  for  refining  given  approximate  initial  co¬ 
states  A^;  by  these  means,  a  precise  solution  for  the  TPBVP  can  be  obtained 

(provided  the  starting  estimates  are  "sufficiently  good"). 

The  only  significant  assumption  en  route  to  the  algorithm  is  the  local 
linearization  of  Eq.  (8-46)  to  obtain  (8-47).  The  only  open  question  remain¬ 
ing  about  the  algorithm  is:  How  to  choose  the  sequence  of  a  values?  Clearly, 
this  process  could  be  made  adaptive;  however,  in  the  example  maneuvers  the 
first  author  has  previously  considered,  the  following  pre-set  sequence  has 
proven  successful 

a  =  0.001  a  =  0.01  a  *  0.5  a.  =  0.75  a.  =  1.0 

1  -345 

(8-51) 

Using  the  sequence  of  a  values  given  in  Eq.  (8-51),  the  algorithm  in  Figure  8-3 
for  each  a^,  is  integrated  using  converged  costate  extrapolations  as  starting 
est imates . 

Locally  singular  situations  and  bifurcations  appear  possible,  where 
the  solution  for  A_s  in  Eq.  (8-50)  would  fail  due  to  a  rank  deficiency  in  <}>  . 

S  A 

In  the  numerical  tests  performed  to  date,  no  signularities  have  been  encountered 
in  the  antisymmetric  class  of  maneuvers.  A  more  troublesome  issue  is  the  ex¬ 
pense  associated  with  the  calculation  of  the  required  state  transition  matrix. 
Numerical  integration  of  Eq.  (A-8)  is  reliable  and  required  for  the  nonlinear 
problem,  but  expensive.  The  solution  obtained  for  <|>(t,to),  using  eigenvalue- 
vector  or  series  approximations  is  much  less  expensive,  though  limited  to  the 
time-invariant  case  presented  in  Section  8.4. 

8 . 7  Applications  to  Example  Maneuvers 

Several  example  maneuvers  have  been  determined  using  the  above  formula¬ 
tions.  For  all  cases,  we  have  assumed  the  geometry  of  Figure  8-1  with  the 
following  configuration  parameters:  the  inertia  of  the  undeformed  structure 
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GIVEN:  slO),s(tf) 


APPROXIMATE  X(0)  Eq.  (8-35) 


® 


1 


INCREMENT  a 

— J 


SOLVE  THE  DIFFERENTIAL  EQUATIONS  OF  EQ.  (8-39)  TO  DETERMINE 

£  =  sJX(0),tf) 

AND  DETERMINE  (USING  METHOD  OF  APPENDIX  A)  THE 
PARTIAL  DERIVATIVES  OF  EQ.  (8-48) 


CALCULATE  THE  RESIDUAL  VECTOR  As 
VIA  QUASI-NEWTON  METHODS 


IF  SMALL  AND  a  =  1 
IF  SMALL  a  4  1  — 


-►  (END) 


IF  LARGE,  CONTINUE 

I 

CALCULATE  AX  FROM  EQ.  (8-50) 

! 

\ 

APPLY  CORRECTIONS 

X(0)  =  X(0)  +  AX 


Figure  8-3.  Differential  correction  algorithm  for  the  single-axis  problem. 
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A  2 

I,  is  7000  kg-ra  ;  the  mass/unit  length  of  the  four  identical  elastic  appen¬ 
dages,  p,  is  0.004  kg/m;  the  length  of  each  cantilevered  appendage,  L,  is  150m; 

3  2 

the  flexural  rigidity  of  the  cantilevered  appendages,  El,  is  1500  kg-m  /s  for 
cases  2-4  (Table  8-1);  and  the  radius  of  the  rigid  hub,  r,  is  lm.  In  the 
integrations  over  the  mass  stiffness  distributions,  the  radius  of  the  hub  is 
not  neglected  in  comparison  to  the  appendage  length.  In  Eq.  (8-8)  we  have 
adopted  as  assumed  modes  the  comparison  functions 


(x  -  r)  =  1  -  cos 


+  (Pi-L~---)2  <P 


which  satisfy  the  geometric  and  physical  boundary  condtions 


x=r+L 


=  *’! 

1  =  ri 

=  C' 

x=r  p 

x~r  p 

x=r+L  P 

1,  2,  ....  «) 

(8-52) 

0  (8-53) 


of  a  clamped-free  appendage. 


With  reference  to  Table  8-1  and  Figures  8-4  through  8-11,  we  consider 
qualitatively  the  graphical  summaries  of  the  state  and  control  time  histories. 

Case  1  (Figure  8-4)  corresponds  to  the  rigid  body  control  case,  which 
is  presented  for  comparison  with  the  flexible  body  examples  run. 


For  Case  2  (Figure  8-5),  the  required  torque  is  antisymmetric  about  the 
time  axis.  The  antisymmetric  torque  profile  is  observed  because  the  maneuver 
time  is  set  equal  to  the  period  of  the  first  bending  mode.  Moreovet ,  we  can 
see  that  the  resulting  torque  oscillates  about  the  straight  line  rigid  body 
torque  of  Figure  8-4. 

The  boundary  conditions  for  Cases  3  and  4  (Figure  8-6  and  8-7)  are 

identical;  the  difference  between  the  two  cases  is  that  the  diagonal  matrix 

W  of  Case  3  is  mapped  into  modal  coordinates  (i.e.,  W  -*■  E^W  E  for  i  = 
ss  ss  ii 

1,  2),  for  Case  4.  We  observe  that  the  torque  histories  for  the  two  cases  are 

very  different.  The  maximum  torque  and  modal  amplitudes  of  Case  3  are  much 

larger  than  those  of  Case  4,  where  the  peak  torques  and  modal  amplitudes  were 

found  to  have  4  to  1  and  6.7  to  I  ratios,  respectively. 


Comparing  Case  4  with  Case  5  (Figure  8-8),  we  find  that  the  rigid  body 
torque  profile  is  smoothed  out  by  the  addition  of  one  controller  on  each  ap¬ 
pendage.  The  maximum  torque  required  for  the  appendage  control  is  much  less 
than  that  required  for  the  hub  control.  We  also  find  that  the  hub  angular 
velocity  and  appendage  vibration  amplitudes  of  the  five  control  cases  are 
slightly  lower  than  those  for  the  one  control  case.  In  a  similar  case  (not 
shown  here)  with  nine  controls  (two  on  each  appendage),  we  find  that  the  addi¬ 
tional  appendage  controls  have  negligible  effect  on  the  torque  histories  and 
the  system  response. 
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Table  8-1.  Description  of  test  case  maneuvers 
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Table  8-1.  Description  of  test  case  maneuvers.  (Cont . 


The  numerical  results  to  plotting  accuracy  were  identical  for  the  rest-to-rest  considered. 


SECOND  MODE  AMPLITUDE  (m(  „  i_%  FIRST  MODE  AMPLITUDE  (ml  MANEUVER  ANGLE  (rad) 


TIME  ill 


60 


Figure  8-8.  Case  5,  rest-to-rest  maneuver  with  5  controls. 
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The  maneuver  in  Case  (I  igure  8-9)  is  Che  same  as  in  Case  5  except  Chat 
the  weighting  matrix ■ -W  i s  fet  to  be  two  orders  of  magnitude  smaller.  Note 

that  the  peak  modal  amplitudes  decreased  in  a  ratio  of  3  to  1,  even  though  the 
peak  torque  required  regained  essentially  unchanged. 

Referring  ti  Case  7  (Figu.re  8-10),  we  find  that  the  modal  amplitudes, 
torque  histories,  aid  the  vehicle  rngular  velocities  are  identical  to  plotting 
Accuracy  for  the  linear  and  non line  a r  cases.  However  when  we  compare  the  re¬ 
sults  of  Cases  5  and  V,  we  do  obsere  that  the  higher  modes  have  little  effect 
on  the  overall  system  response.  This  result  indicates,  to  a  considerable 
degree,  that  low  order  models  can  be  used  to  adequately  model  the  vehicle 
during  slewing  maneuvers. 

Case  8  (Figure  8  — ) 1 )  is  an  interesting  spin-up  maneuver.  In  particular, 
notice  that  a  torque  reversal  is  required  to  match  the  final  boundary  condi¬ 
tions.  In  addition,  the  hub  torque  profile  is  nearly  linear  (as  in  previous 
cases)  because  of  the  presence  of  appendage  concrols.  It  should  be  pointed 
out  that  the  torque  reversal  phenomenon  is  a  result  of  solving  a  fixed  time  or 
fixed  final  angle  maneuver.  How=ver,  if  the  final  angle  in  Case  8  is  deter¬ 
mined  as  part  of  the  solution  (the  results  are  not  shown),  we  observe  the  fol¬ 
lowing  improvements  in  the  resulting  maneuver:  (1)  the  peak  modal  amplitudes 
decrease  in  a  ratio  of  A. 5  to  10;  (2)  the  peak  torques  decrease  in  a  ratio  of 
7  to  16;  and  (3)  the  torque  reversal  disappears.  The  conclusion  is  that  for 
either  spin-up  or  despin  maneuvers,  we  obtain  improved  controlled  vehicle 
performance  if  we  allow  the  final  angle  to  be  determined  in  the  solution  pro¬ 
cess  . 

Case  9  (Figure  8-12)  is  the  nonlinear  version  of  the  maneuver  run  in 
Case  8.  On  comparing  the  results  of  Cases  8  and  9  we  reach  the  following  con¬ 
clusions.  First,  the  gyroscopic  stiffening  effect  of  the  kinematic  nonlinearity 
has  decreased  the  participation  of  the  first  mode  at  the  expense  of  slightly 
exciting  the  higher  modes.  Second,  the  required  rigid  body  torque  has  remained 
unchanged  while  the  appendage  control  torques  have  decreased.  Since  the  ob¬ 
served  differences  between  che  linear  and  nonlinear  solutions  are  not  dramatic, 
it  can  he  anticipated  chat  if  slow  maneuvers  are  carried  out  a  linear  solution 
will  be  adequate. 

Case  10  (Figure  8-13)  is  a  spin  reversal  maneuver  which  requires  the 
vehicle's  angular  velocity  to  reverse  its  algebraic  sign.  As  in  the  previous 
cases,  the  rigid  body  control  torque  is  nearly  linear  due  to  the  presence  of 
the  appendage  control  torques.  On  comparing  the  results  with  Case  8,  we  find 
that  the  spin  reversal  maneuvers  induce  greater  flexural  deformations  in  the 
structure.  In  fact,  as  in  Case  8,  if  the  final  angle  is  permitted  to  go  free, 
the  overall  system  response  can  be  improved  as  measured  by  peak  flexural  de¬ 
formations  and  peak  torque  requirements. 

Case  11  (Figure  8-14)  is  the  nonlinear  version  of  Case  10.  As  in  Case  9, 
the  first  mode  participaticn  decreases  while  the  higher  modes  are  excited  some¬ 
what  more.  In  addition,  the  peak  appendage  control  torques  decrease.  Moreover, 
the  resulting  time  histories  are  somewhat  smoother  than  in  Case  10. 
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Case  12  (Figure  8-15)  represents  a  simple  linear  rest-to-rest  maneuver  where 
ten  elastic  modes  of  the  structure  ere  controlled.  As  in  Case  7,  we  have  fur¬ 
ther  confirmation  of  the  observation  that  only  the  first  few  elastic  modes 
participate  in  the  system  response  during  a  slewing  maneuver. 

In  general,  we  have  found  that  a  change  in  the  magnitude  of  the  space 
weight  matrix  W  has  little  or  no  effect  on  the  torque  histories  for  the 

S  S 

single  controller  cases.  However,  when  control  torques  are  applied  to  the  ap¬ 
pendages,  a  change  in  the  magnitude  of  the  V?  matrix  can  significantly  affect 

the  appendage  torque  and  modal  amplitude  time  histories. 

If  required,  many  additional  modes  can  be  run  in  the  simulations.  In 
all  example  cases  run,  the  linear  solution  obtained  from  Eq.  (8-35)  has  been 
iteratively  refined  using  Eq.  (8-50),  by  replacing  $  .  for  the  nonlinear  prob¬ 
lem  with  the  $  used  in  Eq.  (8-35).  8 

S  A 

8.8  Concluding  Remarks 

The  results  of  this  section  provide  a  basis  for  systematic  solution  for 
optimal  large-angle  single-axis  spacecraft  rotational  maneuvers,  when  a  dis¬ 
tributed  control  system  is  employed.  In  addition,  a  continuation  method  is 
presented  and  example  nonlinear  TPBVP's  provided  which  demonstrate  the  utility 
of  the  formulation  described  herein.  Moreover,  we  have  found  that  unless  very 
high  angular  rates  are  achieved  during  the  maneuver,  the  linear  and  nonlinear 
solutions  differ  very  slightly. 


Figure  8-15.  Case  12,  10-mode  case,  rest-to-rest  maneuver.  (Cont.) 
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On  taking  the  time  derivative  of  Eq.  (A-4) ,  we  obtain 
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(the  state  transition  matrix) 
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Equation  (A-6)  becomes 
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(A- 8) 


On  referring  to  Eq.  (8-48)  and  comparing  the  derivation  leading  to  Eq.  (A-8) , 
it  is  clear  that  only  one  partition  of  <|>  is  required.  To  take  advantage  of 
this  observation  we  express  $  and  F  in  the  partitioned  form 
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where 


On  introducing  Eq.  (A-9)  into  Eq.  (A-8),  we  obtain  the  following  differ¬ 
ential  equations  for  the  matrix  partitions  of 
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(A- 14) 
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From  Eq.  (A-12),  we  see  that  $  ^  is  a  function  of  $  and  <f>^.  From  Eq.  (A-14), 
we  see  that  is  a  function  of  4>  %  and  <K^.  Hence  we  conclude  that  in  order 

A  A  S  A  A  A 

to  produce  <J>  .  (as  required  by  Eq.  (8-48)),  we  only  need  to  integrate  the 

matrix  partitions  for  $  .  and  $  thus  decreasing  by  half  the  number  of  equa- 

tions  to  be  integrated.  In  addition,  if  we  take  advantage  of  the  sparse  struc¬ 
ture  of  F  ,  F  ,  F.  ,  and  F  the  computational  effort  required  :o  produce 

SS  SA  As  AA 

4>  can  be  further  reduced  by  another  factor  of  one  half. 

S  A 

To  obtain  the  complete  solution  for  <}>  ,  we  integrate  simultaneously 

S  A 

Eq.  (A-2),  (A-12),  and  (A-14)  from  t  ■  tQ  to  t  =  t^,  where  <|>  |  *  0  and 

I 

4>  =1. 
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Cambridge,  MA  02139 
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Charles  Stark  Draper  Lab 
Attn*  Dr.  Daniel  rt.  Heqq 
555  Technology  Square 
M.S.  -60 

Cambridge,  MA  02139 
ARPA/M  IS 

141.0  Wilson  Blvd 
Arlington,  VA  22209 


ARPA/STO 

Attn*  Lt  Col  A.  Herzberg 
1400  Wilson  Blvd 
Arlington,  VA  22209 


ARPA/STO  1 

Attn*  Mr  -  J.  Larson 
1400  Wi Ison  Blvd 
Arlington,  VA  22209 


ARPA/STO  1 

Attn*  Maj  F .  Dietz 
14(0  Wi Ison  Blvd 
Arlington,  VA  22209 


Riverside  Research  Institute  3 

Attn*  Dr.  R.  Kapoesser 

Attn*  Mr.  A.  DeVilliers 

1701  N.  Ft.  Myer  Drive  Suite  711 

Arlington,  VA  22209 

Riverside  Researcn  1 

Attn*  HALO  Library,  Mr.  Bob  Passut 
17(1  N  .Ft  .  Myer  Drive 
Arlington,  VA  22209 


Itek  Corp  I 

Ootical  Systems  Division 
10  Maguire  Rd. 

Lexington,  MA  02173 
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Perkir.  Elmer  Corp 
Attn*  Hr.  H.  Levenstein 
Electro  Optical  division 
Main  Avenue 
Norwalk,  CT  06856 

Hughes  Aircraft  Company 
Attn*  Mr.  George  Speak 
M.S.  B_l  56 

Culver  City,  CA  09230 


Hughes  Aircraft  Company 
Attn*  Mr.  Ken  Beale 
Centinela  Teale  Sts 
Culver  City,  CA  90230 


Air  Force  Flight  dynamics  Lab 
Attn+  dr.  Lynn  Rogers 
Aright  Patterson  AFB ,  OH  45433 


AFKL/F  IMG 

Attn*  Mr.  Jerome  Pearson 
Aright  Patterson  AFB,  OH  45433 


Air  Force  Wright  Aero  Lab.  FlEc 

Attn*  Capt  Paul  Wren 

Aright.  Patterson  AFB,  OH  45433 


Air  Force  Institute  of  Technology 
Attn*  Prof.  R .  Calico/hNY 
Wright  Patterson  AFB,  OH  4P433 


Aerospace  Corp. 

Attn*  or.  G.T.  Tseng 
*350  E.  El  Segundo  Blvd 
cl  Segundo,  CA  90245 
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Aerospace  Corp. 

Attn*  Mr.  J.  Mosich 
2350  E.  El  Segundo  Blvd 
HI  Segundo,  CA  90245 


Aerospace  Corp/Bldg  125/1054 
Attn*  Mr.  Steve  Burrin 
Advanced  Systems  Tech  L)iv. 
2400  c  fcl  Segundo  Blvd 
El  Segundo,  CA  90245 

SD/YCo 

Attn*  Lt  Col  T.  May 
p.O.  Bor  92960 
Worldway  Postal  Center 
Los  Angeles  CA  90009 


Attn*  YCPT/Capt  Gajewski 
P.O.  Box  92960 
Worldway  Postal  Center 
Los  Angel  el,  CA  90009 

Grumman  Aerospace  Corp 
Attn*  Or.  A.  Mendelson 
South  Oyster  Bay  Road 
Bethpaqe,  NY  11714 
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Grumman  Aerospace  Corp 
Attn*  Mr.  Art  Bertapelle 
Plant  26 

Betnpge  ,  NY  11714 


Jet  Propulsion  Laboratory 
Attn*  Mr.  O.B.  Schaecnter 
4d00  Oak  Grove  Drive 
Pasadena,  CA  91103 


Mil /Lincoln  Laboratory 
Attn*  S.  Wright 
p.O.  Box  73 
Lexington,  MA  02173 


MIT/Lincoln  Laboratory 
Attn*  Dr.  D.  Hyland 
P.O.  Box  73 
Lexington.  MA  02173 


MIT/Lincoln  Laboratory 
Attn*  Dr.  N.  Smith 
P.O.  Box  73 
Lexington,  MA  02173 


Control  Dynamics  Co. 

Attn*  Dr.  Sherman  Seltzer 

22  1  East  Side  . quare,  Suite  IB 

Huntsville,  A1  35301 


Lockheed  Space  Missile  CorD. 

Attn*  A.  Woods,  Bldg  130  Organ  62-E6 
3460  Hi  llview  Ave 
Palo  Alto,  CA  94304 


Loc kneed  Missiles  Snace  Co. 
Attn*  Mr.  Paul  Williamson 
3251  Hanover  St. 

Palo  Alto,  CA  94304 


Deneral  Dynamics 
Attn*  Pay  Ha  1st enberg 
Convair  Division 
5 00 |  Keary  Villa  Wd 
San  Jieoo,  CA  92  I  23 

ST  I 

Attn*  Mr.  K.C.  Stroud 
20065  Stevens  Creek  Hlvd. 
Cufertiono,  CA  95014 


NASA  Langley  Pesearcn  Ctr 
Attn*  Dr.  0,  Horner 
Attn*  Dr.  Card 

Langley  Station  Hldq  I 293B  M/s  230 
Hampton,  VA  23665 


NASA  Johnson  Space  Center 
Attn*  Robert  Piland 
Ms .  F.A 

Houston,  IX  770b8 


McDonald  Douglas  Corp 

Attm  Mr.  Read  Johnson 

Douglas  Missile  Space  Systems  Uiv 

5301  Bulsa  Ave 

Huntington  Beach,  CA  92607 

Integrated  Systems  Inc. 

Attm  Jr.  Narendra  Gupta 
151  University  Ave. 

Suite  4  00 

Palo  Alto,  CA  94301 

Boeing  Aerospace  Company 
Attn*  Mr .  Leo  Cline 
P.O.  Box  3999 
Seattle,  WA  9dl24 
MS  8  W-23 

TRW  Defense  Space  Sys  Group  Inc. 

Attm  Ralph  Iwens 

Bldg  62/2054 

One  Space  Park 

Redondo  Beach,  CA  90278 

TRW 

Attn*  Mr.  Len  P incus 
Bldg  R-5,  Room  2031 
Redondo  Beach,  CA  90278 


Department  of  the  navy 
Attn*  Ur.  K.T.  Alfriend 
Naval  Research  Laboratory 
Code  7920 

Washington,  DC  20375 

Airesearch  Manuf.  Co.  of  Calif. 
Attn*  Mr.  Oscar  Buchmann 
2525  West  190th  St. 

Torrance,  CA  90509 
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Analytic  Decisions,  Inc. 
Attn*  Mr.  Gary  Glaser 
1401  Wilson  Blv. 
Arlington,  VA  22209 


Analytic  Decisions,  Inc. 
Attn*  Mr.  Richard  moliitone 
5336  West  Rosecrans  Ave 
Suite  203 

Lawndale,  CA  22209 

Center  for  Analysis 
Attn*  Mr.  Jim  Justice 
13  Corporate  Plaza 
Newport  Beach,  CA  92660 


General  Research  Crop. 
Attn*  Mr.  G.  R.  Curry 
P.O.  Box  3587 
Santa  Barbara,  CA  93105 


General  Research  Corp 
Attn*  Mr.  Thomas  Zakrzewski 
7655  Old  Sprlnghouse  Road 
McLean,  VA  22101 


Institute  of  Defense  Analysis 
Attn*  Dr.  Hans  Wolf  hard 
400  Army  Navy  Drive 
Arlington,  VA  22202 


Karman  Sciences  Com. 

Attn*  Dr.  Walter  t.  Ware 
15(0  Garden  of  the  Gods  Road 
P.O.  Box  7463 

Colorado  Springs,  CO  80933 

MRJ ,  Inc . 

I  04  00  Eaton  P  lace 
Suite  300 
Fairfax,  VA  22030 


DL-7 


Photon  Research  Associates 
Attn*  mr.  Jim  Myer 
P.(K  Boy  1 31b 
La  Jolla,  CA  92030 


Rockwell  International 

Attn*  Russell  Loftman  (Space  Systems  Group) 
(Mail  Code  -  SL56) 

12214  Lakewood  Blvd. 

Downey,  CA  90241 

Science  Applications,  Inc. 

Attn*  Mr.  Richard  Ryan 
3  Preston  Court 
Bedford,  MA  01730 


U.S.  Army  Missile  Command 
Attn*  DRSM I-RAS/Mr .  Fred  Haak 
Redstone  Arsenal,  AL 


Naval  Electronic  Systems  Command 
Attn*  Mr.  Charles  Good 
PMfc_l 06-4 
National  Can  er  I 
Washington,  DC  20360 

Naval  Hesearcn  Labora6tory 
Attn*  Dr.  John  McCallum 
E01P0 

4555  Overlook  Ave.,  SW 
Washinqton,  DC  20375 

U.S.  Army/UARCOM 
Attn*  Mr.  Bernie  Chasnov 
AMC  Bldg 

5001  Eisenhower  Ave 
Alexandria,  V A  22333 


Honeywell  Inc. 

Attn*  Dr.  Thomas  B.  Cunninqham 
Attn*  Dr.  Michael  F.  Barrett 
2600  Ridqway  Parkway  MN  17-2375 
MinneaDolis,  MN  55413 


